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Abstract
A physical prescription to improve the accuracy of few-body Glauber model cal­
culations of reactions involving loosely-bound projectiles is presented, in which the 
eikonal phase shift function of each projectile constituent is modified to account 
for curvature of its trajectory. This involves replacing the eikonal phase by the 
Wentzel-Kramers-Brillouin (WKB) phase, and including Rosen and Yennie and Wal­
lace corrections. Non-eikonal effects due to both nuclear and Coulomb interactions 
are treated on an equal footing. The proposed method is assessed quantitatively 
by comparison with full quantum mechanical calculations of d +  12 C and n Be+12C 
elastic scattering. The deuteron is treated as a three-body 1p + 1n-f target problem. 
In the case of n Be it is treated as a 10Be+1n+target problem. Both are investigated 
at low and medium energies. Calculated differential cross section angular distribu­
tions which include the non-eikonal modifications are shown to be accurate to larger 
scattering angles, and for lower incident projectile energies.
A further refinement is then introduced whereby the analytic continuation of the 
two-body scattering S-matrices replace the corrected phases. Each cluster-target 
eikonal phase shift is replaced by the continuation of the corresponding exact partial 
wave phase shift to non-integer angular momenta. Comparisons with fully quantum 
mechanical calculations for two-body and three-body projectiles, show that this 
yields an accurate practical alternative to few-body adiabatic model calculations. 
Calculations are shown to be accurate for projectile energies as low as 10.0 MeV/A 
at which the eikonal approximation is no longer reliable. Our results demonstrate a 
real improvement in calculated cross sections when using more realistic phase shifts 
rather than eikonal phase shifts derived from the same potentials.
For the systems under study, the significance of the overlap in the incident pro­
jectile cluster-target potentials is considered to gauge the magnitude of these effects 
which were found to be insignificant.
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Chapter 1
Introduction
The study of nuclear scattering, which includes elastic and inelastic processes, is 
important in nuclear physics. Elastic scattering provides information about the nu­
cleus in its normal or ground state. The study of inelastic scattering and reactions 
provides information on the existence, location and properties of its excited states. 
The theoretical framework used for the analysis of experimental data must be in­
terpreted in such a way as to extract information or to gain insight into questions 
of properties, structure and interaction of the nucleus. The basic approach is to 
scatter energetic particles from nuclei and to measure deviations from the predicted 
scattering pattern.
High energy collisions are studied because of the information they furnish about 
the interactions of the particles and about the reaction products they generate. The 
de Broglie wavelength of the m atter waves associated with a beam of particles with 
momentum p is A =  h/p. If we wish to see the detailed structure of a nucleus it is 
necessary to use a probe which has a shorter wavelength than tha t of the nucleus. 
Nuclei generally have radii of ^ 5  fm, thus it is necessary to use probes with short 
wavelengths and therefore high energies. The reaction of the target system to the 
interactions provides information on nuclear structure provided that the interactions 
themselves are understood [1].
The collision of an incident particle with a nucleus consisting of many particles 
is difficult to formulate. At high energies there are further complications such as the
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large number of final states available to the system, making exact solutions difficult to 
achieve. For these reasons ^ interpretation of nuclear reactions has advanced through 
the use of approximation methods. For a model of a physical system to be useful it 
needs to provide insight into the problem. Processes can then be studied in order to 
assess the relevance and validity of the method. It is essential that the model should 
lead to definite predictions for observable quantities.
A fundamental link between experimental data and theory is through the com­
parison of the experimental differential cross section with the theoretically derived 
scattering amplitude. The differential cross section da/dVt is defined as the number 
of particles detected per unit solid angle per unit incident particle flux. The scat­
tering amplitude /(&,#, </>), describes the detailed properties of the scattered wave. 
These two quantities are related [2] as shown below,
^ ^  = \ S ( k , 6 M 2- ( i.i)
The partial waves method was first suggested by Faxen and Holtzmark, and 
is analogous to the method developed by Lord Rayleigh in the classical theory of 
scattering [3]. In the case of scattering by a central potential V(r), the system is 
symmetrical about the direction of incidence, so that the scattering wave function 
and therefore the scattering amplitude do not depend on the azimuthal angle 0 . 
Consequently the wave function can be expanded in a series of Legendre polynomials,
* M )  =  £  —  P/(cosl?) , (1.2)
u  r
where ui(r) is a solution of the radial Schrodinger equation (see equation 2.1). Each 
term in the series is called a partial wave. At large distances from the scattering 
potential, ui{r) is a superposition of incoming and outgoing spherical waves, the 
asymptotic form of which can be used to determine the effect of the potential. The 
scattering amplitude can then be obtained as a function of the phase shifts. A brief 
outline is presented in chapter 2 .
At high energies a large number of terms in the series must be employed before 
it converges. As the incident energy increases particles of higher angular momentum 
pass within the range of the potential and are deflected by it. Fortunately the 
physical conditions which hold at high energies are, in a number of ways well suited 
to the introduction of approximation methods.
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The correspondence principle, introduced by Bohr in 1923, dictates that the 
results of quantum theory must approach those of classical mechanics when many 
quanta are involved. In this limit, if account is still taken of interference, diffraction 
and other effects which are neglected in a classical description of the scattering, then 
the treatment is a semi-classical one.
The main advantage of the semi-classical approach is that, in high energy scat­
tering, the sum in the partial wave expansion can be replaced by an integral over 
an impact parameter. The usual procedure in nuclear physics is to use the Mac­
Donald expansion [4], by which the Legendre polynomial is approximated by the 
Bessel function and the sum over angular momentum is replaced by an integral [5]. 
The semi-classical description is also often helpful in the visualisation of processes 
which are difficult to understand in terms of the rather abstract language of quantum 
mechanics.
Approximating rays by straight lines has been established in the field of optics 
for some time. The eikonal method is the semi-classical analogue of the van de Hulst 
extension of the Rayleigh-Gans scattering of light [6]. The wavefront is considered 
as an equiphase surface, while points on the wavefront mark out trajectories as the 
wave propagates through a medium with a given refractive index. It is by this 
means that geometrical optics (no wave-like phenomenon) is obtained as a limiting 
approximation to physical optics (i.e. large frequency and small wavelength limit
[7])-
The eikonal approximation was first revived and applied to the wave function for 
particle scattering by Moliere [8], in 1947 and by Fernbach, Serber and Taylor [9] in 
1949.
The best known and most successful application of this type of approximation 
was developed by Glauber [10] and presented at the Theoretical Physics Institute, 
University of Colorado in the summer of 1958. His treatment was most compre­
hensive, fully elucidating the simplicity of the approximation. The semi-classical 
(eikonal) approximation for high energy scattering has been used now for many 
years in nuclear physics. It is based on the assumption that the scattering phase 
can be calculated, assuming the projectile trajectory is approximated to a straight 
line path through the field of the target. The approximation replaces the quantum 
mechanical angular momentum phase shift series by a relatively simple closed ex­
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pression which is valid in the high energy limit. It has been traditionally applied
when the wavelength of the projectile is small compared to the size of the system
which the projectile scatters. Thus the two conditions necessary for the eikonal 
approximation to be valid are,
where E  is the kinetic energy of the projectile, k is the wavenumber, Vo is the depth 
parameter i.e. the strength of the interaction, and a is a measure of the diffuseness 
of the interaction, i.e. the range over which the interaction varies appreciably. The
a large angle deflection by the potential is small. The second condition implies that 
the wavelength is small compared to the size of the system. A theoretical description 
of the eikonal approximation is shown in chapter 2 , section 2 .2 .
In general the eikonal approximation ceases to be valid at low energies and for 
large scattering angles. This is because the assumption regarding straight line tra­
jectories is no longer applicable. Improvements to the eikonal approximation, to 
extend its range of validity, to lower energies and larger scattering angles has led 
to a number of approaches many of which are reviewed in reference [11]. Other ap­
proaches formally maintain the eikonal phase shift and deviation from straight line 
trajectories is accomplished by using an effective impact parameter (e.g. [12, 13]).
Methods offering a consistent mathematical framework, in which systematic cor­
rections to the eikonal approximation can be derived, have proved most useful. Orig­
inally the eikonal phase was replaced with one based on the Wentzel, Kramers and 
Brillouin (WKB) phase [14, 15].
In the usual WKB approximation the radial wave function is written in the form
and when the projectile energy is much larger than the depth of the potential from
(0 \Vq\ /e  <c i
(ii) ka^$> 1
effect of condition (i) is to limit scattering to forward angles so that the chance of
(1.3)
and assumes a solution to the wave equation can be found by developing S(r) in a 
power series in h, i.e.
S(r ) — So(r) +  HSi(r) +  — ^ ( r )  +  ... . (1.4)
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This expansion can then be inserted in equation 1.3, which in turn is substituted 
into the radial Schrodinger equation. By equating the coefficients of powers of ft, a 
set of equations is generated which can be solved successively to determine Sq(t), 
Si(r) etc. If V(r) is a slowly varying function of position, such that the momentum 
of the particle is constant over several wavelengths, then only the first two terms of 
equation 1.4 need to be retained. This leads to the WKB approximation to the phase 
shifts (e.g. [16]). However the WKB approximation breaks down in the vicinity of 
a classical turning point, where the total energy and the potential energy are equal. 
Connection formulae are then required.
If the centrifugal barrier term in the radial Schrodinger equation (see equa­
tion 2.1), is set equal to zero then the one-dimensional equation is realised. However, 
the WKB approximate solutions in the two cases are not related in the same way. 
In order to address this, Good [17] proposed that the exponential form used in equa­
tion 1.3 was not the most appropriate for radial wave functions. He suggested that 
the form of the free particle solutions be used which, in radial problems, are the 
Bessel functions. By selecting the appropriate linear combinations, approximate so­
lutions based on the Hankel functions may be obtained. After developing the power 
series in ft, S(r ) is calculated. Good shows that connection formulae across turning 
points are not required and that the accuracy of the approximation improves with 
increasing energy. Conversely, the approximation is more difficult to apply and poor 
results are obtained near turning points.
Rosen and Yennie [18] generalised Good’s method by developing a modified WKB 
approximation using radial wave functions having the form of free particle solutions. 
The higher derivatives of the free particle solutions can be reduced to zeroth and 
first order derivatives in the second order equations. The lowest order phase shifts 
of the WKB expansion are improved by the contribution of the next order. They 
showed that S (r ) could be defined real and finite everywhere including the region of 
the turning point.
In the early seventies Wallace [11, 19, 20, 21] developed the approximation still 
further. Starting from the exact partial wave form of the scattering amplitude Wal­
lace undertook to convert it, without approximation, to a Fourier-Bessel expansion 
based on an infinite series expansion for the Legendre function.
Wallace makes use of the WKB phase shift expansion developed by Rosendorff
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and Tani [22] and Paliov and Rosendorff [23]. By expanding the WKB phase shift in 
a power series of the potential strength, with the eikonal phase shift function as its 
leading term, a dynamical model for the phase shifts is produced. Corrections to the 
WKB phase function are incorporated in the form of Rosen and Yennie corrections 
leading to a modified WKB S-matrix.
In the complete formal derivation of an exact Fourier-Bessel S-matrix an addi­
tional factor W[S], which multiplies the modified WKB S-matrix, must be included. 
The approach followed by Wallace to determine the scattering amplitude is then to 
develop expansions of both W[5] and the modified WKB S-matrix in inverse powers 
of k2 and to collect terms of equal order. The non-eikonal corrections are established 
up to third order, for a potential which is spherically symmetric. The theoretical 
basis for the Wallace scheme is detailed in chapter 2, sections 2.4 and 2.5.
This thesis is predominantly about elastic scattering calculations of few-body 
systems in which the eikonal approximation is not being made. The scattering 
amplitude, which includes the non-eikonal cluster-target phase shifts, is calculated 
with the intention of improving calculated cross sections at lower energies, by using 
more realistic phase shifts, rather than eikonal phase shifts derived from the same 
potentials. Initially, this is applied to point scattering and is achieved through the 
application of the corrections previously discussed and ultimately through the use 
of what we refer to as Exact Continued (EC) S-matrices.
The EC prescription involves setting the factor W[5] equal to unity and calculat­
ing the scattering amplitude by a simpler procedure. Rather than develop and sum 
the expansion for the phase shift, we solve directly the radial Schrodinger equation 
at the required impact parameters b, and therefore for non-integer angular momenta 
A, where these are associated with the physical angular momenta £ according to 
bk = £ -\- 1/2 =  A. Therefore the EC S-matrix is the analytic continuation of the 
exact partial wave S-matrix to non-integer angular momenta. The EC prescription 
is covered in chapter 2 , section 2 .6 .
To assess the accuracy with which the approximate scattering amplitudes re­
produce observables calculated using the exact partial wave amplitude, Rosen and 
Yennie corrected WKB, Wallace and EC formulations are employed to carry out 
numerical calculations of the scattering cross section for two-body point scatter­
ing. Comparisons are made with exact quantum mechanical calculations, achieved
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using the program ‘d d t p ’ [24], in which the Schrodinger equation is solved using 
the method of partial waves. Particular attention is given to determining the im­
provements which can be achieved over the eikonal approximation. The results are 
presented in chapter 3. Where possible, the ratio to Rutherford cross section is 
plotted in order to elucidate the structure of the distributions more clearly.
The scattering of heavy ions has been studied extensively both theoretically and 
experimentally (e.g. [25, 26]). In heavy ion scattering, the Coulomb interaction plays 
a very significant role, which would typically be indicated by a Sommerfeld parameter 
much greater than unity [27]. Vitturi and Zardi [12], use a simple modification to 
the eikonal model in which the distortion of the trajectory due to the Coulomb field 
is evaluated by shifting the impact parameter to the corresponding closest approach 
point. This has more recently been extended to lower energies by the same authors 
[28], in which they conclude that it is a more efficient way for studying heavy ion 
scattering at relatively low energies when compared with low order truncation of the 
Wallace expansion. However, we are interested in applications to light composite 
projectiles, consisting of two or more bound clusters at a few 10’s of MeV/A. All of 
which have small core-target Sommerfeld parameters (77 < 1), and are therefore not 
suitable to their prescription.
The lowest order eikonal approximation has been applied to spin dependent in­
teractions by Glauber in his original presentation [10], by considering the application 
of the approximation to a potential which consists of a spin-orbit, as well as a cen­
tral component. This was extended in the early 80’s by Waxman et al. [29], who 
generalised Wallace’s results to include non-eikonal corrections to first order in the 
case of spin 1/2 particles, specifically proton-nucleus scattering. It is shown that 
the size of the effects is significant for medium energy scattering. Corrections to 
second order for spin-one particles have also been investigated [30]. Results are 
considerably improved for d +  58Ni at deuteron energies of 400 and 700 MeV. In 
a similar analysis Faldt et al. [31] made an investigation of first and second order 
non-eikonal corrections for elastic scattering of protons, anti-protons and a  particles 
at lower energies of 178, 180 and 140 MeV respectively. They concurred with the 
conclusion of Waxman et al. that second order corrections have a minor effect and 
that first order Wallace corrections were sufficient to achieve good agreement with 
partial wave calculations over a reasonable angular range.
7
Currently there is considerable interest in nuclear halos which was initiated with 
the advent of radioactive nuclear beams, pioneered at Berkeley, U.S.A. by Tanihata 
et al. in the 1980’s [32, 33, 34]. This has enabled exotic and unstable light neutron 
rich nuclei to be studied. These nuclei are of particular interest because they lie 
close to the drip line and have a structure very different from stable nuclei [35, 36, 
37, 38]. Anomalously large reaction and interaction cross sections were observed for 
extremely neutron rich nuclei such as n Li and n Be, [39]. This discovery, especially 
for 11 Li led to the idea of a neutron halo in the loosely bound nucleus [40, 41]. The 
analysis of reaction cross section measurements of 11 Be [42] also concluded that a 
long tail in the halo nucleon distribution is necessary to explain the enhanced cross 
sections, implying that it has a neutron halo similar to 11 Li. Halos are general 
phenomenon common to loosely bound particles held in a short range potential well. 
A loosely bound particle can tunnel into the space surrounding a potential well 
in a process which is represented by an extended wave function tail [43, 44]. The 
probability of finding a neutron at a much larger than normal nuclear radius is thus 
increased. This is typified by the deuteron’s exponential wave function although the 
structure is more extreme.
The nucleus n Be is an example of a single neutron halo nucleus. n Li has a more 
complex two neutron halo, in which the interaction between the two neutrons in the 
halo is known to be important [45]. It can be regarded as a three-body system of 
9Li +  n -1- n [46, 47]. The nucleus 6He can also be regarded as a three-body system 
of a  + n -f- n [48, 49]. These nucleons are bound in such a way that if any one of 
the three bodies is removed, the other two will be unbound. Such nuclei have been 
dubbed ‘Borromean’ [50].
Within this work a few-body description is utilised to model these halo nuclei 
which treats the target as a single, strongly bound, mean field nucleus, and the 
projectile as consisting of two or more clusters representing the projectile core and 
valence. These clusters would generally possess an intrinsic angular momentum. 
Bush [35] presents a scheme for the calculation of the elastic scattering differential 
cross section, within a three-body eikonal model, that treats both the central and 
spin-orbit interactions between the constituent projectile clusters and the target, 
whatever the spin of the clusters. This was applied to 8B scattering from a 12C target 
at 40.0 MeV/A, where 8B is treated as a 7Be core (spin=3/2) and a valence proton.
It was found that effects of the spin-orbit interactions were insignificant at the level 
of differential cross sections. No experiments so far have used polarised beams of 
halo nuclei and hence the only observable is the cross section. The calculations 
presented here are only considered for central potentials.
The adiabatic approximation provides the means for an approximate solution 
of the few-body Schrodinger equation. If the incident energy is sufficiently high 
compared with the binding energies, the internal motions of the particles can be 
frozen for the duration of the interaction [51]. This is reviewed at the beginning of 
chapter 4, in section 4.2.
The accuracy of the adiabatic approximation has been studied extensively for 
the deuteron. For elastic scattering the incident projectile energy should be E  
5.0 MeV/A [52]. Comparisons of adiabatic and non-adiabatic methods [53, 54] for 
other systems, indicate that the adiabatic model is accurate for elastic scattering, 
for incident energies as low as 10.0 MeV/A.
For an assumed two-body projectile in which the adiabatic approximation is 
made, if the core mass is much larger than the valence mass it can also be assumed 
that the core-target interaction is much greater than the valence-target interaction 
[55], i.e. Vc $^> Vv. The nucleus n Be is a good example, where the ratio of core mass 
to valence mass is 10:1 or 19C where it is 18:1. With this additional assumption 
regarding the core and valence target interactions, it can be shown [56], that the 
adiabatic assumption will be good for any incident energy and scattering angle.
The few-body Glauber model is based on the adiabatic assumption and the 
eikonal approximation. The scattering amplitude is determined by averaging the 
eikonal approximations to the projectile cluster-target S-matrices over the projectile 
density for each projectile impact parameter.
A prescription to include non-eikonal corrections within the framework of the 
few-body Glauber model is presented, which involves replacing the eikonal phase 
shift by the WKB phase shift and Rosen-Yennie corrections. A refinement to this 
which supersedes this prescription is also presented, in which a simpler process us­
ing the analytic continuation of the scattering S-matrix as a function of impact 
parameter is substituted for the eikonal S-matrix. The theoretical description of the 
few-body model and the inclusion of non-eikonal corrections is discussed in some 
detail in chapter 4. The scattering of specific halo nuclei on a common target o f 12C
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are investigated in chapter 5, by comparison with more exact adiabatic few-body 
quantum mechanical calculations. It will be shown that our results demonstrate a 
real improvement in calculated cross sections. Some of the work presented in this 
thesis has been disseminated via publications [27, 57, 58]. These are included in 
Annex I.
Finally in chapter 6 the results are summarised, conclusions drawn, and some 
suggestions for further work are presented.
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Chapter 2 
The nuclear tw o-body problem
In this chapter the formalism for two-body scattering is introduced and the necessary 
notation and approximations developed. A correspondence between quantum me­
chanical and semi-classical (impact parameter) methods is established. Initially this 
involves the familiar eikonal or straight line trajectory approximation for the calcula­
tion of the phase shifts. An exact impact parameter representation is also discussed 
in which there are no such small angle or straight line trajectory approximations.
At very high energies Nucleon-Nucleon (NN) amplitudes are used. In the high 
energy limit this connection is well founded, tested and applicable. However, this 
relationship has not been tested for lower energies and small wavenumbers. Current 
practice at lower energies has been to use exclusively the eikonal limit for the phase 
shifts, derived from potentials.
Here calculations based on amplitudes where the eikonal approximation is not 
being made are of particular interest. The intention is to improve calculated cross 
sections at lower energies when using more realistic phase shifts, rather than eikonal 
phase shifts derived from the same potentials. Investigation of these systems, using 
an impact parameter description, has been undertaken in an attem pt to determine 
the most effective way to describe two-body interactions at the level of phase shifts. 
These may then be used as inputs, to describe the independent scattering, in our 
prescription for improvements in the modelling of many-body systems. This will be 
dealt with subsequently in chapter 4.
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2.1 Partial wave expansion
The usual approach to the elastic scattering of two bodies is based on an expansion of
the scattering wave function in terms of the spherical harmonics. The approximate
given. Details are available in many texts, for example [2, 59, 60, 61].
Consider a system of two particles: a projectile and a target. When a nucleon or 
group of nucleons interacts with a nucleus the behaviour of the system is determined 
by the interactions between the projectile and target nucleons. This is complicated 
and difficult to model mathematically. Here the interactions between the projectile 
and the target are represented by complex optical potentials. These potentials have 
a simple analytical form with parameters chosen to reproduce experimental cross 
sections. These are considered in more detail in subsequent chapters. It is assumed 
that their interaction potential V  is central, i.e. a function of |r| only, where r  
is the relative position vector between the target and projectile. This allows the 
angular dependence of their relative motion to be treated analytically, while the 
physics is all contained in the radial motion, thus the relative motion of the two 
particles can be separated into radial and angular equations. The angular equation 
yields the spherical harmonics Ye}m(6,0 ), where i  is the orbital angular momentum, 
with component m  along the z-axis. The orbital angular momentum can take on all 
integral positive values or zero, and m ean take on all integral values in the interval 
[—£, +^]. The angles 6 and 4> take their usual designations in polar coordinates.
The radial Schrodinger equation in the centre of mass reference frame is [62, 63],
two-body calculations developed here will be compared with this exact quantum 
mechanical treatment. A concise outline of the method of partial waves is therefore
(2.1)
where is the centrifugal barrier, and E  is the energy in the centre of mass
system, which is defined
(2 .2)
Here k is the wavenumber of relative motion in the centre of mass frame, and the 
reduced mass /i of the system is given by
fJL =  ---- ------
mp +  m t
m pm t
(2.3)
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where the subscripts p and t  indicate the projectile and target respectively. The
radial wave function ug{r) must be regular at the origin. This is achieved by requiring 
that the potential is less singular at the origin than the centrifugal term. It is 
presupposed that [64],
l im { r V ( r ) }  = 0  , (2.4)
and the potential must tend to zero faster than 1/ r ,
Km { rV (r)}  = 0  . (2.5)
The potential is also assumed such that V(r)=0 for r > ro, so that ro is effectively
the range of V(r).
The radial equation 2.1 has to be integrated numerically from the origin out to a 
distance where the nuclear field is negligible i.e. outside the potential range ro- The 
numerical solution is then matched to the appropriate form of the physical solution, 
such that for r  > r 0,
ui(r) -  exp[i<y j cos5iF£(kr) +  sintf* G£(kr)^ , (2 .6 )
where 5i(k) is the scattering phase shift function and Fi(kr) and Gi(kr) are the 
regular and irregular solutions [65] respectively, of the free particle radial equation,
+  (2-7)
Fi(kr) and Gi(kr) are defined in terms of j i  and n*, the spherical Bessel and Neu­
mann functions respectively [63],
Fi{kr) = k r j i ,
Gi(kr) = krri£. (2.8)
In the asymptotic region of r —> oo the regular and irregular solutions take on their 
asymptotic forms [66],
Hence in the limit of r —»• oo the solution of ui(r) can be written in terms of the 
regular free particle solution Ft(kr) and an associated scattering phase shift 5i(k), 
relative to the phase of Ft(kr), such that,
ut(r) -> exp[i<y sin ^kr  — i& r +  6ij . (2 .10)
This phase shift characterises the asymptotic behaviour of the regular solution 
through the effect of producing a shift in the phase of the wave function at large 
distances from the scattering centre. The significance of the phase shifts 8i(k) can 
be highlighted by expressing the asymptotic form of ui in terms of in- and out-going 
waves radial asymptotic solutions (kr) ,
M r )  - » I  { H \ - \ k r )  -  Se(k) H ^ ( k r ) }  . (2.11)
where Si(k)(= exp [2i5i]) is the partial wave S-matrix. Here H ^ \ k r )  are linear 
combinations of Fi(kr) and Gi{kr) such that,
H (f )(kr) = Gl { k r ) ± i F t {kr),  (2 .12)
and are related to the spherical Hankel functions h ^ \ k r )  [59], through the relation- 
ship,
H ^ \ k r )  = k r h ^ \ k r ) . (2.13)
Inspection of equation 2.11 reveals that the incoming wave H [ ~ \k r ) is unaffected by 
the scattering while the outgoing wave is multiplied by the S-matrix, and thus the 
presence of a potential affects both the phase, and since S is complex and therefore 
|*%(&)|2 < 1? the amplitude of the outgoing wave.
From the continuity of the wave function and its derivative at the matching 
radius r =  rm the S-matrix elements can be determined. The form of the S-matrix 
can therefore be given by [65],
q (JA -  .bt(k} - utmrw - wtm ^  ’ ( 2 - 1 4 j
this in turn can be used to establish the observables.
In the large r  region, the wave function \I/(r) describing the scattering of the
projectile by the target must describe both the incident beam of particles and the
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scattered particles. The incident beam is considered to be a plane wave. Although 
in practice it would be collimated and therefore it would have a finite width, this 
beam width is much greater than the nuclear dimensions dealt with in any scattering 
system, and so this representation is a good approximation. Far from the target the 
scattered wave function must represent an outward radial flow of particles. Therefore 
the wave function \k(r) must satisfy the asymptotic boundary condition that at large 
distances from the scattering centre it should consist of the superposition of a plane 
wave and an outgoing spherical wave [67], i.e. for r  —> oo in direction (9, (j>),
^k+)(r ) exp(zk • r) +  f (k ,  9, <£), (2.15)
where f(k,9,(j)) is the scattering amplitude. The superscript (+) associated with 
the scattering wave function \&£^(r) indicates that it satisfies this outgoing waves 
asymptotic boundary condition.
The scattering amplitude can be written as an exact partial wave sum for a given 
wave number k, [68] by
A/tt   A
}{k ,e ,4>) =  —  exp(i5e) sin(5/(fc)3^m(k)y<,m(f). (2.16)
K £,m
The spherical harmonics can be represented in terms of the Legendre polynomials 
P^(cos0), through the relationship given in equation 2.17, [66]. For two vectors 
having polar angles (0i , 0 i) and (02,<fe) and denoting the angle between the two 
vectors as 9 then,
A/tt
Pt (c°sO) =  £  Ye*m(eu <f>i)Yt ,m(02< fa)  . (2.17)
Selecting the z-axis along the incident beam direction, so that there is no az­
imuthal dependence, permits the scattering amplitude to take the following form
1 oo
/ ( * • e) = - 5 T  E  (2i + !) p e(cos0) r ‘ (k )’ (2-18)MK e=Q
where the profile function r^(&) can be associated with the partial wave transition 
matrix Tt(k), and therefore the S-matrix St(k), by
r £(k) = -2 iT e{k) = 1 -  S£(k) =  1 -  exp [2i5g{k)]. (2.19)
15
2.1.1 M odifications due to the Coulomb potential
The phase shift method outlined above may be extended to incorporate scattering 
due to the addition of a Coulomb potential Vc, such that the scattering is now the 
result of a combination of nuclear and Coulomb parts. The potential is now written 
as a sum of a nuclear term and the Coulomb term, where Vc has the form due to a 
finite nucleus inside a distance R c  and the form due to a point charge beyond R c  (see 
section 2.7). The method of calculation is very similar to the case where no Coulomb 
potential is included. It is dealt with in detail in many texts, for example [6 , 59, 69] 
and consequently the resulting equations only, are stated here. The Coulomb plus 
nuclear scattering amplitude f (k ,0 )  can now be written as f (k ,9 ) ,  a sum of two 
terms, an amplitude for point Coulomb scattering f pt(k,0), plus an amplitude for 
nuclear scattering in the presence of Coulomb f ' (k,  6).
f ( k ,e )  = f ( k , e )  + f pt(k,e).  (2 .20)
The first term in this equation is a modified form of equation 2.18 such that
1 oo
f ' (k,  9) =  Y j (2^ +  1) Pt(cos 9) exp [2iai]fe(k) , (2 .21)
U K , £_ Q
where F^k)  is the profile function in the presence of Coulomb such that the phase 
shift is now attributable to the nuclear potential plus the difference between the 
Coulomb potential due to that of a nucleus of finite size and that due to a point 
charge. Here is the Coulomb phase shift [70] and is a function of the Sommerfeld 
parameter 77, which is defined [63] as
11 . .
’ - i n r -  <2-22)
We have chosen a phase convention, such that we adopt the Rutherford formula in 
the following form for the point Coulomb scattering amplitude [16],
fpt(8) =  exP —2* (77 In ( ^ )  — °o) , (2.23)
This procedure, the method of partial waves, parameterises the scattering ampli­
tude in terms of phase shifts. The radial Schrodinger equation is solved numerically 
and the solution compared with equation 2.11  at a matching radius r =  rm, outside
the range r0, of the nuclear potential. Because the potential now contains both
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nuclear and Coulomb terms, it is matched onto a Coulomb wave function instead 
of the free particle solution of the previous section. The phase shift, which is now 
the additional phase shift due to the short range potentials, is then extracted by 
comparison with the asymptotic form.
For short-range potentials or for those in which the potential vanishes beyond 
some distance a, the expansion of the scattering amplitude f (k ,6 )  is useful provided i  
converges reasonably rapidly. From the form of the radial equation 2.1 it is clear that 
as t  increases the centrifugal barrier term becomes more significant than the potential 
term, consequently, for large £, the potential term can be neglected. Therefore the 
corresponding phase shift is negligible. Since the maximum required number of 
partial waves £max depends on the wavenumber k and the range a of V(r), such 
that t max ~  ka , then at high energy, phase shifts for large numbers of t  can be 
required in order to obtain an accurate representation of the scattering amplitude. 
Consequently approximation methods have been developed.
Using the semi-classical approach we attem pt to study the accuracy of the im­
pact parameter phase-shift, amplitude, and observable relationship at the energies 
of interest. While these approximation schemes are not essential for numerically cal­
culating observables in two-body systems, they will be very useful in our subsequent 
development and assessment of our approximation methods for few-body systems.
2.2 The eikonal approximation
Classically, for a wave propagating through some medium, the wavefront is defined 
to be an equi-phase surface, such that points on the wavefront trace out trajectories 
of the particles. Semi-classical methods in nuclear scattering can be usefully applied 
when the de Broglie wavelength A =  h/p  of the m atter waves associated with a 
beam of particles with momentum p , are sufficiently small compared to the size of 
the system, that they may be localised by constructing a wave packet. As such they 
can be considered as following trajectories. The advantage is that interference terms, 
characteristic of a wave theory, are retained.
In the simplest form of these methods, the eikonal approximation, the phase 
shifts introduced in the scattering discussed above, are calculated assuming that 
the trajectories are considered to be straight lines. This assumes that the momen-
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turn change which occurs due to the potential is small compared with the initial 
momentum. This leads to the conditions that are required for the eikonal model 
[10].
Figure 2 .1: Geometry of the elastic scattering process.
The exact integral form of the elastic scattering amplitude can be written [71],
f { k ’6) =  k°  =  ~ 2^ ? <k' 1 V  1 ^ +)> ’ { 2 '2 4 )
where k and k ' are the initial and final momenta in the centre of mass reference 
frame (see figure 2.1). T(k, k') is the elastic scattering transition amplitude.
In formulating the eikonal approximation to the scattering amplitude f ( k ,  0), the 
stationary scattering wave function \k j^(r) is developed by writing it as a product 
of a plane wave and a modulating function p(r) which distorts the plane wave,
=  J°(r ) exp(zk • r) . (2.25)
This is still exact until p(r) is defined. It is assumed that p(r) varies slowly over a 
particle wavelength and that it depends on the, as yet unspecified, potential F (r). 
Defining the reduced potential,
U( r) =  p V ( r ) ,  (2.26)
allows the Schrodinger equation to be written
(A;2 +  V 2) ^ +) (r) =. C/(r)^i+) (r) , (2.27)
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and substituting for \&£^(r) using the wave function form shown in equation 2.25, 
p(r) satisfies
(2ik • V +  V2) p(r) = U(r)p{r) . (2.28)
Glauber [10] assumed the high energy approximations of Moliere [3]. Firstly that 
the incident energy is high, compared with the strength of the interaction potential. 
Secondly that the particle wavelength is much smaller than the diffuseness parameter 
a, i.e.
< 1 ,  ka >  1. (2.29)
Jh
Under these conditions it can be assumed that p(r) will change slowly compared with 
the plane wave exp(zk -r). Consequently 2 ik • Vp(r) V2p(r) and therefore the 
second term on the left hand side of equation 2.28 can be neglected. The Schrodinger 
equation then reduces to a first order differential equation in terms of this Glauber 
approximated modulating function
2zk • Vp(r) =  U(r)p(r) . (2.30)
Choosing the z-axis along the incident beam direction,
( * * )
and using the boundary condition that p(z = —oo) =  1 , and thus ^ £ ^ ( 2  =  —0 0 ) is 
a plane wave, then the solution of the above equation leads to,
p(r) =  exp f 1
A necessary condition to build up this exponential power series solution is that 
the commutator [V(r), V’(r')] =  0. This is explicitly shown elsewhere [35]. This 
“approximation to the slowly varying function modulating the plane wave” can also 
be developed from the Lippmann-Schwinger equation [72], see for example, references 
[10] and [35].
The Glauber approximation to the wave function ^ ^ ( r )  can now be written,
^ & }(r ) =  exP 2^  S- 0 0  dZ' exp^ k ' r ) ’ (2,3S)
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This expression does not represent the wave function accurately everywhere since 
there is no term which represents the spherical outgoing wave. Nonetheless, from the 
arguments Glauber uses to derive the form of the wave function [10], it is only nec­
essary to know the wave function within the range of the potential, when calculating 
the scattering amplitude.
To derive the eikonal approximation to the scattering amplitude fc i(k ,6),  it is 
necessary to replace the exact scattering wave function in equation 2.24 by
the Glauber approximation to the wave function T ^ ( r ) ,  and therefore the eikonal 
approximation to the scattering amplitude foi(k^6) is
foi (k ,0)  = —^  f  dr exp(iq • r) U (r) p(r) . (2.34)
projectile
zk
target
potential
Figure 2.2: Representation of the spatial coordinates of the target-projectile system 
used in the eikonal model.
The transferred momentum, q, involved in the scattering process is shown dia- 
grammatically in figure 2.1, and defined by its relationship with the initial and final 
momenta as
q =  k -  k ' , (2.35)
where for elastic scattering ( |k |= |k '|) the momentum transfer q is given by
Q
q = 2 k s m -  . (2.36)
Zj
In figure 2.1 it is clear that in the limit of 6 —>0, q is perpendicular to the z axis.
Figure 2.2 shows the definition of the coordinates used in the eikonal approximation.
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Inspection reveals that r  can be represented exactly through the use of an impact 
parameter b, such that
q r  =  q b  +  q k z .  (2.37)
The eikonal approximation can now be developed such that, for small forward angles 
the longitudinal component of the momentum transfer can be neglected, provided 
elastic scattering only is being considered and therefore
q • r  «  q • b  . (2.38)
Writing dr in cylindrical polar coordinates i.e. dr = bdbd(j)dz, and substituting 
for U(r)p(r) from equation 2.31 allows the Glauber approximation to the scattering 
amplitude to be represented by
ik  r°° r2* r°° Bn(r)
0) = - 7 T  bdb #  exp (zq • b) /  dz — —  , (2.39)
z7T JO JO J —oo u Z
and then making use of equation 2.32 to carry out the z  integration leads to the 
following expression,
ik r°° r27r
foi{k , 0) = /  bdb d</> exp (zq • b) {exp [iX0( b)] -  1} , (2.40)
Z7T Jo JO
where <To(b) is the complex eikonal phase shift function. It is related to the reduced 
potential by
-  “ 5  / >  "M = - &  / >  ''W • <2'41»
Here only central potentials are considered. In these cases the azimuthal, d(j) inte­
gration in equation 2.39 yields a Bessel function. From reference [73],
1 r2ir
27r Jo
where Jo(qb) is the zeroth order Bessel function. This has the effect of reducing 
equation 2.40 to a Fourier-Bessel transform
r2-K
/ exp (iqbcos (j>) d<j) = Jo{qb) , (2.42)
r oo
foi(k,9) = - i k  /  bdb JQ{qb) {exp[iX0(b)] -  1} . (2.43)
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2.3 An exact impact parameter representation
A correspondence between partial wave and Fourier-Bessel descriptions of scattering 
amplitudes can be established. This usually takes the form of a high energy compari­
son. At these high energies t  is large and the partial wave sum may be approximated 
by an integral. For large i  and small scattering angles the Legendre polynomials can 
be replaced by an asymptotic expansion involving Bessel functions [2],
Even though this relation is strictly accurate only for large I  and small angles 6 <C
such as those developed in the WKB or eikonal approximations. To remove the 
small angle assumption it is necessary to include the higher terms in the expansion.
Arguments, expounded by Newton [6] and based, in part, on the approach of 
Adachi and Kotani [74, 75, 76], develop an exact impact parameter representation 
of the scattering amplitude where there are no high energy or small angle restrictions. 
When azimuthal symmetry is assumed, the scattering amplitude can be written
the profile function VFB(k,b), is suitably defined. This is accomplished by using the 
exact Fourier-Bessel scattering S-matrix SFB(k,b),
This S-matrix must contain in some way the additional expansion terms in equa­
tion 2.44 which are normally discarded in any partial-wave to impact parameter 
conversion. Since no correspondence is made between the relationship of angular 
momentum I  and impact parameter b at this stage, the derivation is still sufficiently 
general that there is no energy dependence. The derivation and form of this exact 
Fourier-Bessel scattering S-matrix must be approached from a different perspective. 
This will be dealt with in more detail in section 2.4.
(2.44)
1/A the second term in the expansion only corrects by ~ 6 % for £ =  0 and 6 = 60° 
[10], hence it is often neglected. This leads to a semi-classical asymptotic formula
(2.45)
This expression is exact for all values of energy and scattering angle, provided that
VFB{k,b) = l - S FB{k,b)- (2.46)
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We make use of the identity [77],
zsin (2.47)
OO -I
53 (2^ +  1) «/2m M  ft(cos 9) =  -  x J {
1=0  1
substituted in equation 2.45 to give,
roo 00
/ ( M )  = - i  /  d&rra(M ) 2  (2^+1) ^<+i(2fc6) P*(cos0). (2.48)
^=0
A comparison of this expression with the partial wave expansion equation 2.18, 
relates the partial wave and Fourier-Bessel profile functions,
roo
Te(k) = 2k dbVFB{k,b) Jn+I^kb).  (2.49)
Jo
Use of the orthogonality relation [78] permits inversion of this expression and gives 
an expression for TFB (k,b)
1 OO
r™ (M ) =  Tr ' E ( 2 e + l ) J 2t+1(2kb)Tt (k). (2.50)
1=0
Similarly, inverting equation 2.18 using the orthogonality relation for Legendre 
polynomials, the profile function r*(A;) can be expressed as an integral of the scat­
tering amplitude f (k ,9 )  [6], over the physical angular range,
r*(fc) =  - i k  r  d 9 sm 9 f (k ,9 )P e(cos9). (2.51)
Jo
Substituting equation 2.51 in equation 2.50, and making use of the identity 2.47, 
generates the exact impact parameter integral expression for TFB (b)
VFB(k,b) = —ik J  dOsinO f(k ,6 )  Jo 2fc6sin . (2.52)
This representation is valid for all energies and angles. This expression can be recast 
in terms of the exact Fourier-Bessel scattering S-matrix SFB (k , 6), using equation 2.46, 
such that
1 r2k
SFB(k, b) = l - - j Q qdq f (k ,  9) Jo (qb), (2.53)
where g, the momentum transfer, was defined in equation 2.36.
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2.4 A Fourier-Bessel expansion of the scattering 
amplitude
The principal difficulty with these formal approaches is that they do not provide a 
prescription from which the physics of the problem can be understood. The exact 
impact parameter representation defined by equation 2.45 does not lead to any ex­
plicit expressions for the impact parameter S-matrix or corrections. Corrections are 
concealed within general terms and would need to be unravelled in order to be benefi­
cial. It is at this point that it is useful to consider the work of Wallace [11, 19, 20, 21] 
in relation to the problem of improving the eikonal description. Therefore in this 
section a brief review of Wallace’s method is outlined, in which a complete high 
energy expansion of the Fourier-Bessel representation of the scattering amplitude is 
developed. This is achieved by converting the partial wave series without approx­
imation using an infinite series expansion for the Legendre function [19]. In this 
expansion, as in the previous section, there is no small angle assumption.
Until this point the orbital angular momentum t  has been considered as a discrete 
parameter in the radial Schrodinger equation 2.1. Assuming well behaved potentials, 
Regge [79] continued the partial wave sum from discrete integer values to the complex 
angular momentum plane. He allowed these discrete orbital angular momenta t  to 
take on non-integer values of a variable A. Associating A with the physical angular 
momenta such that A =  t  +  \  and using the semi-classical relationship between t  
and impact parameter b, i.e. bk = i  +  |  means that b = Ajk .  When A assumes 
half-integer values then the physical values of orbital angular momentum will be 
realised.
The radial Schrodinger equation, written [79] in terms of the continuous variable 
A, is
^  +  jfc2 -  U(r) -  ~  '1 /41 =  0 (2.54)
with U(r) the reduced potential.
The partial wave scattering amplitude equation 2.18, can be written in the fol­
lowing form
OO
f (k ,9 )  = Y , A i P t ( c  os0), (2.55)
t=0
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in which At  is a function of discrete partial wave phase shifts given by,
Ae = 2k ^ +  ^^ exp _ ^ ■ 2^'56^
For well behaved potentials, At  can be smoothly interpolated by a function A(A), 
such that
A(A) =  j  exp -  1 . (2.57)
The phase shift 6(X/k) which Regge refers to as the “interpolation of the phase shifts 
in the physical points” , is defined from its asymptotic behaviour at large distances. 
For large values of A, the potential is small and the phase shift tends to zero as
5{X/k) = G { l /X ) .  (2.58)
On the basis of Regge’s approach, Wallace showed [19] that the partial wave series 
can be converted to an integral over real values of A, using the Euler summation 
formula [66]. In terms of A the scattering amplitude is given by
roo
f ( k ,  9) =  jf d \  A ( \ )P x. 1/2(cos9) -  R ^ e )  (2.59)
where P a-i/2 is the Legendre function, and R\{6) is a remainder which arises from 
derivatives of the argument of the integral [19].
In the classical limit h —» 0, k becomes large but the impact parameter b, where 
b = X/k, remains finite. The remainder term Ri(6) in equation 2.59 is small for 
scattering angles near the forward direction [30]. If this remainder is neglected 
and the angular momentum is considered large then the Legendre function can be 
replaced by its asymptotic form [6], i.e.
P a _ i / 2 ( c o s <9 )  -  J o A s in ( | (2.60)
771=0
then substitution in equation 2.59 leads to a semi-classical description of the scat­
tering amplitude.
To remove this small angle approximation it is necessary to keep higher order 
terms in the expansion. Although the leading corrections were first developed in 1914
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by MacDonald [4], Wallace developed an infinite series expansion of the Legendre 
function. The Legendre function can be defined in terms of a ratio of T functions,
~  r ( m  +  A +  | )  [ - s i n ( f ) l 2m
PA_1/2(cos0) -> £  - X ~ —  L  W t  . (2.61)
m=o r  y—m  +  A +  2J \m-)
This can be expanded as a power series in (m +  1/2), the expansion is then related
to a derivative operator which when substituted into equation 2.60, leads to an
expansion of the Legendre function P \ - i / 2  in terms of the Bessel function and its 
derivatives with respect to A. The expansion takes the following form,
2k
|  ( j .
i* Jn 2Asin ( ^ (2.62)
where the operator bk [2^]) which act s on the Bessel function J o  [2A sin 
is defined in terms of generalised Bernoulli polynomials, which occur as weighting 
coefficients and are discussed elsewhere [19, 80],
bk(x) =  B ^ ){x). (2.63)
This derivation is detailed by Wallace in Appendix A of [19].
Using this result and substituting it into equation 2.59 produces the Fourier- 
Bessel expansion of the form ( f  j j O i J
m e ) .  f  o j j b ^ h  ( - ! » £ )  ( | ) “ * « ,  (2.a4,
where a second remainder i?2(^) is generated by non-vanishing boundary terms from 
the integrations by parts, which exactly cancels the first remainder Ri(9), (see [19]). 
With impact parameter, b = A/A;, it can be seen that equation 2.64 is an expansion 
of the exact Fourier-Bessel integral representation of the scattering amplitude,
ro o .
}(k,  6) =  - i k  /  bdb Ja(qb) B{k, b) -  1} . (2.65)
J  o
Hence the partial wave sum has been converted, without approximation, to the 
Fourier-Bessel expansion based on an infinite series expansion for the Legendre func­
tion. The S-matrix SFB(k,b), the exact Fourier-Bessel amplitude, is defined as an 
operator W[S\ acting on the S-matrix S\(k ,b ), i.e.
^ ( k , b )  =  W[S]Sx(k,b) , (2 .66)
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where
SA( M ) = e x p  2 i s ( j )  , (2.67)
is the scattering matrix evaluated at non-integer angular momenta according to the 
semi-classical relationship detailed previously and will be referred to as the Exact 
Continued (EC) S-matrix.
From equations 2.64 and 2.57 and the relationships detailed above, it can be 
deduced that the operator W[6] is an expansion in powers of 1/k2 with unity as its 
leading term. Explicitly
^  -  5 £  ®  *> (-"<*) -  5l I )  (a£f  + J I )  * *' (M8)
where S'(b) = ^S{b).
2.5 Approximation of the Fourier-Bessel S-matrix
S* (M )
Although the scattering amplitude, equation 2.65, is exact, in practice the angu­
lar range of validity is limited by the accuracy to which the Fourier-Bessel phase 
shift function and the factor W[5\ can be constructed. This construction will now 
be outlined. Initially, the exact expression can be compared with the eikonal one 
(equation 2.43) as defined by Glauber [10],
f (k ,9 )  = —ik J  bdb J0(qb) jexp iXo(b) — l j  , (2.69)
where Xo(b) is the Glauber phase shift function. Approximating 6(b) in equation 2.65 
by the eikonal phase shift <J0(&)(= an<^  setting W[8\ to unity reproduces the
eikonal expression for the S-matrix So(k,b).
SFB(k,b) ~  S0(k,b) = exp[2z60(5)] . (2.70)
An improvement to equation 2.70 is to use a more sophisticated phase function 
6(b) with W[S] still set to unity. The WKB phase has been used for 6(b), [8]. The 
generalisation of the WKB method to radial wave equations is discussed in chapter 1,
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where instead of using as a basis, the customary exponential function, use is made 
of the functions which arise in the solution of the free particle equation [17]. An 
expansion in powers of a parameter e can be initiated where
6 =  hkv  =  W k? ' ^2 '71^
Here v  is defined as the classical velocity and n  is the reduced mass (see equation 2.3). 
This leads to an expression for the WKB phase shift function [11, 57]. The solution 
of the radial Schrodinger equation by making a suitable power series expansion [6], 
leads to a WKB phase shift being represented as a series in powers of the potential, 
which contains the eikonal phase shift function <50 as its leading term. Substitution 
of this phase shift function in equation 2.65 is therefore equivalent to the WKB 
approximation for small angles of scattering, taken at a stage before the integral 
over impact parameters is carried out [6, 67].
The WKB phase shift function is given by,
4™ (6) = E  *»(&). (2-72)
771=0
where
6m(b) =  - y  [  d z
Z  J —oo
T d r 2m  y m + l j r j (2.73)
(m  +  1)! \ r  dr
The impact parameter representation of the S-matrix, containing WKB corrections, 
is given by
4 b ( M  -  4 ™ (M ) =exp[2*4ra£B(6)]- (2.74)
Corrections to the WKB phase shift studied by Rosen and Yennie [18] and developed 
by Wallace [19] may also be included, these improve the lowest order (WKB) phase 
shifts by contributions from those of the next order. By making an expansion in 
powers of e in Wallace’s expression for the Rosen and Yennie corrections (^ , and 
considering only the leading terms, up to third order in 1/ft2, it is found that these 
can be expressed as follows
1 d3 1
4r(&) = <5o(6) +  5i(6) + M b )  + 0 (k ~ i ). (2.75)24fc2 db3
The term </>3(b) in this equation is defined [11] as,
2
This correction term is small for potentials which do not change rapidly with respect 
to the projectile wavelength [19]. Inclusion of these corrections leads to a modified 
WKB approximation to the S-matrix
^WKB (^ 5 ®XP ^  ( PvKB (P) T (2.77)
provided the WKB expansion converges, this procedure can be continued to all 
orders which would result in convergence to the EC S-matrix, i.e.
However, to obtain the exact Fourier-Bessel S-matrix ^ ( k j b )  it is necessary to 
consider the correction factor W[8\, which until now has been set to unity. Using 
the expression for W[5], (equation 2.68), and expanding to the same order as the 
Rosen and Yennie corrections above, leads to the following expression,
The full expansion of SpB(k,b) thus involves combinations of terms from two 
completely separate expansions [19], one involving the phase shift function 8(b) , 
i.e. expanding exp[2z£(6)], and the other involving W[8]. By grouping together like 
powers of k and e systematic corrections to any given order can be obtained. The 
expression for the full scattering S-matrix, up to third order, is
• W M )  Sx(k,b). (2.78)
W[S] =  1 -  \ ikb[S ' /k f  -  h s ' V 2 6 /k2 +  \i[bS\m/ k 2 +  0(AT4), (2.79)
o z z
where
V25(6)=5"(6) +  ^ (6 ) . (2.80)
SFB(k, b) = exp[2i£0(&)] 1 1 +  iX\(b) +  i X2(b) — u 2(b)
+  [iXi(b)]^ /  2! +  [iXi(b)]s/3\ +  i X\ (b) [i X2 (b) — u 2(b)]
(2.81)
The non-eikonal corrections are equivalent to the corrections given in [11] which were 
found from an eikonal expansion of the T-matrix. We can therefore write
SFB(k,b) =  exp [ i^B(b)\
exp [iXB(b) + iXxib) + iX2{b) +  iX3(b) + 0 ( £ r 4) ] . (2.82)
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The first four terms in the expansion are 
X 0  (b) =  260(b)
X t (b) = 2Si (b)
X -2 (b) — 2 6 2 (b) — b[5'0 (b) ] 3  /  (3k2) +  ioj2 (b)
X 3 (b) =  263(b) -  b6 ((b)[6 ' 0(b)}2 / k 2  +  M b )  +  ™s(b).
(2.83)
(2.84)
(2.85)
(2 .86)
The terms u>2 (b) and u>3  (b) are given by [20],
M b )  =  6 ' 0 (b6 0" + 6 ' 0]/( 2 k2) (2.87)
(2 .88)M b )  =  W  + b ( 6 ' 06 '{ + 5'o6[)]/(2k2).
2.6 Inclusion of non-eikonal corrections to all or-
The approach followed by Wallace and outlined in the previous section was to de­
collect terms of equal order. However, correction terms of quartic and higher order 
are very involved and in the systematic grouping of terms from the relevant expan­
sions a rather complicated methodology for generating S(B(A:,6) develops. A further 
complication is that, at lower energies and therefore for small k, such an expansion 
has certain limitations, and can be numerically unstable. This will be discussed 
subsequently in chapter 5.
2.6.1 Inversion of the scattering am plitude f ( k , 9 )  to  deter­
mine the Wallace factor W[S]
Calculating W[5\ in terms of the expansion discussed previously in section 2.4 is dif­
ficult and impractical if higher order terms are to be included. An alternative way 
of determining the magnitude of W[ 8 ] taking into account contributions from the 
individual terms to all orders is desirable. An inverse Fourier transform of the scat­
tering amplitude as discussed in section 2.3 can be undertaken. From equation 2.53 
the Wallace factor can be deduced from the following
ders
velop expansions of both the factor W[ 6 ] and S\(k,  b) in powers of 1/k 2  and to
W{ 6 ]Sx (k,b) = l (2.89)
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where f (k ,6 )  in this case is the exact scattering amplitude calculated using a full 
quantum mechanical, partial waves approach, but generated as a function of impact 
parameter through the use of A. Unfortunately the physical requirements that the 
integral over q must be between 0 and 2k causes a truncation of the integrand. This 
leads to oscillations in the product on the left hand side of equation 2.89, especially 
at lower energies. This will be dealt with in the next chapter.
2.6.2 Use of the EC S-matrix S \ (k , b)
The definition of the exact Fourier-Bessel S-matrix SFB(k,b): equation 2.66, is ex­
pressed in terms of the Wallace factor W[S\ and the EC S-matrix S \ ( k , b). If W[£] is 
set equal to unity, then rather than sum the expansion of WKB and Rosen and Yen­
nie corrections as shown in equation 2.77, a much simpler approach can be utilised 
which includes non-eikonal corrections to all orders in a natural way. As suggested 
by Regge, the radial Schrodinger equation is solved for the required impact param­
eters b, and therefore for non-integer angular momenta A. Thus S\(k,  b) is obtained 
by matching in the usual way to the asymptotic solutions, analytically continued for 
real non-integer A, such that asymptotically in r [58],
-► \  { H ^ i k r )  -  Sx (k)H(+ \ k r ) } , (2.90)
where Hx (At ) and Hx (At ) are the radial asymptotic solutions for incoming and 
out-going waves respectively but for non-integer A. Therefore S\(k,  b) coincides with 
the exact Si at integer values of A.
Making use of equation 2.65 with W[5\ still approximated to unity gives the 
scattering amplitude in terms of the EC S-matrix
roo
f ( k ,  6) = - i k  /  bdb J0{qb) {Sx(k, b) -  1} . (2.91)
JO
It should be noted that only the leading term in the small forward angle expansion 
of the Legendre function P\  has been retained, for example [19, 81], which gives rise 
to the Bessel function Jo(qb). The small angle approximation is therefore due to the 
use of J0(qb), corrections for which are contained within W\S\. By choosing to set 
W  [5] equal to unity these corrections are omitted, together with other corrections 
due to the discrete to continuous variable transformation. Nevertheless, it will be
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seen in subsequent chapters that the approximation of W[5\ to unity is in fact very 
satisfactory.
The expression derived in equation 2.91 can also be obtained through a high 
energy approximation to equation 2.50 in section 2.3 and this provides a link between 
Newton’s and Wallace’s work. When 2kb 1, the only term in the series given by 
equation 2.50 that has any significant contribution is the one for which the order 
of the Bessel function is approximately equal to the argument, i.e. 2£ +  1 ~  2kb. 
For all terms below this the Bessel function has a negligible value and for terms 
above it the Bessel function oscillates such that contributions cancel. Therefore
from equation 2.50 the profile function T^k)  can be evaluated at the point where
the summation peaks such that
rFB(k,b) ^ r ^ - i /2(fc) jr(2e+i)j2m (2kb), (2.92)
K0 1 = 0  q
making use of the identity, equation 2.47, for x  = 2kbj= 0 leads to
r »(*) “  Tbkzi r -  l 2kb = r* -i/a (k ). (2.93)
Therefore in the high energy limit equation 2.45 can be approximated by
O I L  • ( 0'2/cosin I -
roo
f ( k , 0 ) ~ i k  bdb J0 
Jo
The profile function Tm- i/2(k) can be written as
IW i/a fa ) =  1 -  Sbk. 1/2{k, b) = 1 -  Sx(k, b) (2.95)
where the S-matrix 5 ^ - 172, is equivalent to the EC S-matrix, S\(k,b).
Although it is possible to arrive at equation 2.91 by either method. The method 
expounded by Newton is mathematically simpler and more concise. However, the 
disadvantage of using Newton’s representation as opposed to Wallace’s is that the 
relationship between the scattering amplitude and the correction terms is not trans­
parent. The corrections are effectively contained in such a way as to disguise the 
essential physics, which makes it difficult to ascertain what corrections and approx­
imations are being made.
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2.7 Treatment of the Coulomb potential
There are additional considerations in developing a mathematical treatment which 
includes the Coulomb potential, due to its infinite range.
Writing the interaction potential V{r) as the sum of nuclear and Coulomb po­
tentials,
and substituting into equation 2.41 shows that the eikonal phase shift function X0 
can be decomposed into a sum of two terms, such that
For a Coulomb potential this integral diverges logarithmically at its limits. In actual 
scattering experiments it is usually assumed that any charge is neutralised by sur-
effect that outside this radius the potential vanishes.
If the Coulomb potential is taken to be that due to a spherical charge distribution 
of radius, R c , then [46]
The screening process does not take account of particles whose impact parameters 
are greater than the screening radius a. In these cases the impact parameters are 
very large and consequently the particles would only be scattered by a small amount 
such that 6 ~  1/ka,  [10]. At the energies ordinarily used in nuclear physics these
V(r) = VN(r) +  Vc (r) (2.96)
M b )  = XN(b) +  Xc(b) (2.97)
where the Coulomb phase shift function Xc{b) is given by
(2.98)
rounding charges within a relatively short range compared with the atomic radius. 
An accepted approach to account for this effect, for example [59, 69], is to formally 
introduce a screening radius a which shields the charge at large distances, with the
' (ZvZte2/2Rc)  [3 — ( r /R c )2\ 
Vc (r) = 1 ZvZtf?lr  
0 r > a
r < R c
R c  < r < a (2.99)
limiting angles are sufficiently small that they cannot be resolved experimentally
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[82]. By substituting the above potential in equation 2.98, expanding in powers of 
b/a and retaining only the leading order terms, it can be shown [83, 84] that in the 
presence of screening, the phase shift function representing the Coulomb term in 
equation 2.97 is given explicitly by
Xc (b) = Xp(b) + Xa. (2.100)
The screened Coulomb phase shift Xp(b), and the constant phase Xa, are derived 
from integrating the potential of equation 2.100 over z, hence
-2 r , ( \ /Rc )[ l  + i(A /iJc)2] +  2V\n{kRc + k \ )  b<  R c  ^  
2r)ln(kb) b > R c
Xa =  —2)j \n(2ka) (2.102)
where A (6) =  (Rq — b2)1!2. .
The scattering amplitude with the added Coulomb interaction can now be written
_ roo
f (k ,6 )  = —ik bdb Jo(qb) {exp [iX^{b) +  iXp(b) + iXa\ — 1} , (2.103)
J  o
in which the effect of the screening is felt only through Xa. This integral converges 
quite slowly and it is advantageous to subtract from this integral the one which 
represents Coulomb scattering by a screened point charge,
Xptib) = 2?7 ln(/c6) (2.104)
and the eikonal scattering amplitude for a screened point charge can be written,
fptk(6) = - i k  [  bdb J0{qb) {exp [iXpt{b) +  iXa] -  1} . (2.105)
J  0
Provided q ^  0, then the second term in an expansion of equation 2.105 will always 
be equal to zero since it is the ^-function, S(q). Therefore as long as the amplitude 
at 0 = 0 is not required then this second term can be neglected, thus
fptk(Q) =  ~ik  j  bdb J0(qb) exp[iXpt(b) + i X a}. (2.106)
J  o
This integral can be solved analytically [10]. Making a suitable change of variable 
x = qb and rearranging the exponent gives
ik r / t n i
fpt (0) =  - ^ exp[-2i77 In (ga)]^  x dx J 0(x) exp 2z77ln^-J , (2.107)
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the integral part of this equation can be manipulated into a standard form and then 
written in terms of T functions [85]. From the definition of the phase angle gq an 
expression that consists of two exponential terms is generated
fptk(8) = - - j r  exP _2 i (j! ln ( ^ )  “  CT°) exp [-2*7? ln(2a)]. (2.108)
The first term is the Rutherford formula for the scattering amplitude due to a point 
charge (see equation 2.23). The second term is the exponential of the screening 
phase shift function, hence the point Coulomb eikonal amplitude is the Rutherford 
formula multiplied by a constant screening phase, exp (iXa),
f * V )  =  /*(*) exp(*^0). (2.109)
Subtracting this integral from equation 2.103, the difference of the integrands 
vanishes outside the nuclear radius and the convergence of the difference is more 
rapid [82]. Therefore adding and subtracting the point Coulomb amplitude on the 
right hand side of equation 2.103 aids the convergence of the impact parameter 
integrals. This step is not necessary, but has the advantage that, even in the eikonal 
limit, the extracted point Coulomb amplitude is expressed exactly. So, while the 
subtracted term aids the convergence of the impact parameter integral, the added 
term gives the exact Rutherford formula. The scattering amplitude can thus be 
written [83] as
f (k ,6 )  = eiXa {}pt( 6 ) - i k  J™ bdb J0(gb)eix-,w  -  l)](2.110)
where the effect of screening only appears as an overall real phase Xa on the elastic 
scattering amplitude. This phase factor may be ignored since it will have no effect 
when calculating observables such as the cross section from f (k ,9 ) ,  consequently it 
will not be shown explicitly in subsequent expressions.
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Chapter 3
Q uantitative evaluation of 
tw o-body results
In this chapter the application of the formalism presented in chapter 2 is undertaken. 
Comparisons of the two-body eikonal results and those which include non-eikonal 
corrections are made with exact quantum mechanical calculations, using the tradi­
tional method of partial waves. This is achieved using a version of the computer 
program ‘d d t p ’ [24]. This is an established program which uses a variant of the 
Cowell method, based on a relationship between a function and its second deriva­
tive at three equidistant points, to solve the Schrodinger equation. Further detail 
can be found elsewhere [86]. Two systems are given particular attention, those for 
10Be +  12C and neutron +  12C scattering. The motive for their study is that if 
the two-body S-matrices governing these events reproduce the two-body observables 
accurately, they may then be used as inputs in an independent scattering few-body 
approximate description of the halo nucleus n Be, modelled as a 10Be core and a 
valence neutron, incident on a 12C target.
It is assumed that the interaction between the projectile and target is due to 
an optical potential. The basic idea is that the target, treated as an essentially 
structureless object, interacts with the point projectile through a local two-body 
potential which represents the sum of the individual nucleon-nucleon interactions. 
Optical potentials were first used by Feshbach, Porter, and Weisskopf to describe
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low energy neutron-nucleus total cross sections using a complex square well potential 
[87]. Subsequently this potential has been improved by introducing more realistic
dependent terms. Spin dependent terms are not dealt with in the work presented 
here.
The optical potential has been very successful in describing elastic scattering of 
a wide variety of nuclear projectiles from an assortment of targets. The simplicity 
it affords makes it an indispensable element in the cases presented. For the systems 
under consideration the potential V (r) is assumed to be central, spherically symmet­
ric and therefore it only depends on the magnitude of r. Secondly it is also assumed 
to be complex, the imaginary part being required to account for absorption in the 
nucleus [88]. Therefore the optical potential is a simple ‘effective’ interaction in 
which the whole scattering is described, and although effects from virtual processes 
are included they do not need to be explicitly referred to.
3.1 Computational checks
In order to test the validity of the results generated by the two-body impact param­
eter program, a real Gaussian potential of the following form was employed
Vo represents the strength of the interaction and a  is the reciprocal of the diffuseness 
parameter i.e. 1/a. Through the use of equation 2.41, the analytical form of the 
eikonal phase shift function is therefore
The analytic form for the eikonal phase corrections up to third order in e are detailed 
elsewhere [11]. These were used to compare with the results generated by the impact 
parameter based code developed in this work and found to agree accurately.
As a check to ensure that the form of W[5\ being used was correct it was necessary 
to compare the two methods of incorporating the Wallace corrections. The first 
method is to use equation 2.77 and the form of W[8\ to third order detailed in 
Chapter 2, equation 2.79. This method is dealt with more completely in references
features, such as potentials with a more diffuse surface and the inclusion of spin
V (r) = Vo exp |— ar2 (3.1)
(3.2)
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[19] and [20]. The second approximation is to find the corrections from an eikonal 
expansion of the T-matrix [11], where the terms up to and including corrections 
to third order are shown in equation 2.82. The comparison resulted in satisfactory 
agreement.
3.2 Application to 10Be +  12C scattering
The formalism outlined in the previous chapter is applied to the two-body 10Be +  
12C system. A volume Woods-Saxon optical potential was used.
T// \ _  ______%__________   iWp_ ‘ fo o\
l  +  e x p [ « ]  l +  e x p [ ^ ] ’
where the terms R y  and Rw  are related to the radius parameters ry  and rw  respec­
tively, by
R y  =  Ty (a*/3 +  A^^3)
Rw = (A ^3 +  A y3) , (3.4)
and A t and Ap are the target and projectile masses respectively.
The calculations presented for 10Be +  12C use the inputs detailed in [27], where 
the strengths, radii and diffuseness of the real and imaginary volume Woods-Saxon 
terms are,
Vo =  123.0 MeV, ry  =  0.750 fm, ay — 0.80 fm ,
Wo = 65.0 MeV, rw =  0.780 fm, aw =  0.80 fm .
This potential is consistent with the available data at 59.4 MeV/A [89]. The 
Coulomb interaction was that due to a uniformly charged sphere of radius parameter 
rc —1.20 fm. The 10Be radius parameters are multiplied by 101/3 +  121/3.
As an example of the effect of including increasingly higher order corrections, 
figure 3.1 shows the calculated elastic differential cross section angular distributions 
(ratio to Rutherford) for 10Be +  12C scattering at 25.0 MeV/A, where the Rutherford 
formula for the differential cross section is given by
d(jR _  ( zpzte2\ 2 1 (3 5)
d£l \  4E  )  sin4 '
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Figure 3.1: Calculated 10Be+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 25.0 MeV/A. The solid curve shows the partial wave 
exact results generated using ‘d d t p ’. The eikonal are shown by the dot-dashed 
curve. Inclusion of first order corrections are shown by the long-dashed curve, in­
clusion of both first and second order terms are shown by the dashed curve and the 
dotted curve represents the Wallace results up to and including third order in 1/k2.
A relatively low energy has been selected as a general example to enhance the non- 
eikonal corrections. The solid curve represents the results of the partial wave solution 
using ‘d d t p ’. The dot-dashed curve shows the results of the eikonal calculation. The 
remaining curves represent the eikonal calculation plus non-eikonal corrections for 
the first three orders of correction. In this case the results are determined using the 
form of the Modified WKB S-matrix, equation 2.77, but where the Wallace correction 
term W[5\ is not set equal to unity, but takes the form of equation 2.68. Alternatively 
the corrected cross sections can be generated using the explicit corrections detailed
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in [11], shown in chapter 2, equations 2.84-2.86. However, as mentioned previously, 
it was found that there was no significant difference in the two numerical approaches.
It is evident from inspection of the graph that inclusion of the non-eikonal cor­
rections considerably improves the accuracy of the calculated observable. As higher 
order corrections are included, a systematic improvement is observed. At smaller 
centre of mass scattering angles first order corrections are of greatest importance, 
higher order terms making only a small contribution. At larger angles the role of 
higher order corrections is more significant. Even for this relatively low energy case, 
the agreement achieved, even out to significantly large centre of mass scattering 
angles is good. Since the impact parameter method retains the high energy charac­
teristics of the eikonal approximation, at increased energies the convergence of the 
impact parameter method calculations to the exact improves.
In figure 3.2 the graph shows the calculated elastic differential cross section angu­
lar distributions (ratio to Rutherford) for 10Be +  12C scattering at 59.4 MeV/A. The 
solid line represents exact quantum mechanical calculations, and the long-dashed line 
shows results of the eikonal calculation. The modified WKB result (dashed line) is 
determined through the use of equation 2.77, where only terms in the expansion up 
to and including n — 3 are considered. This is then consistent with the Wallace 
corrections, which are also only calculated to third order. The dotted line shows the 
effect of including the Wallace factor W[J] in the calculations.
The eikonal calculation only manages to accurately reproduce the exact calcula­
tion for - / forward angles. The results for corrections up to and including third 
order make a significant extension to the angular range of validity. It is evident that 
the Wallace and modified WKB corrections are almost equivalent at this energy. 
This implies that the operator W[8\ is small, at least when calculated to third order. 
W[8] will be considered in isolation to third and all orders in section 3.4 . Close 
inspection of the graph, indicates that at larger centre of mass scattering angles, the 
inclusion of Wallace corrections show a very slight improvement to the cross section 
over the modified WKB corrections.
The same system 10Be+12C is now considered but in this case the incident energy 
has been reduced to 25.0 MeV/A. In figure 3.3 similar calculations to the higher 
energy case are presented. The curves shown have the same meanings as in figure 3.2. 
Inspection of the eikonal results curve (long-dashed) establishes that the energy
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Figure 3.2: Calculated 10Be+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 59.4 MeV/A. The solid line shows the exact partial 
wave solution, and the long-dashed line represents the eikonal calculation. A compar­
ison is shown for corrections up to third order between the modified WKB (dashed) 
and Wallace (dotted).
dependence of the Glauber model is in evidence as energy is decreased, however the 
non-eikonal corrections, both the modified WKB and Wallace, are still successful in 
correcting this deficiency over a significant range of scattering angles.
A comparison of the third order corrections in this reduced incident energy case, 
shows that the modified WKB corrected cross sections give significant improvement 
over those which include the Wallace corrections. This suggests that the Wallace 
terms are not converging, and therefore higher order terms in the W\8\ expansion 
may need to be included to generate satisfactory results.
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Figure 3.3: Calculated 10Be+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 25.0 MeV/A. The solid line shows the exact partial 
wave solution, and the long-dashed line represents the eikonal calculation. A compar­
ison is shown for corrections up to third order between the modified WKB (dashed) 
and Wallace (dotted).
3.3 Application to n +  12C scattering
The second scattering system is examined in a similar fashion to the 10Be +  12C one. 
The neutron+12C potential V(r)  is a Woods-Saxon optical potential, the parameters 
of which are given by the global Becchetti-Greenlees parameterisation [90].
The parameters used are those of [46], i.e.
Ko =  37.4 MeV, rv  =  1.20 fm, av  =  0.75 fm ,
Wq = 10.0 MeV, rw =  1-30 fm, aw =  0.60 fm .
Figure 3.4 shows the calculated elastic differential cross section angular distribu-
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Figure 3.4: Calculated 1n + 12C elastic differential cross section angular distributions 
at 59.4 MeV/A. The solid line shows the exact partial wave solution, and the long- 
dashed line represents the eikonal calculation. A comparison is shown for corrections 
up to third order between the modified WKB (dashed) and Wallace (dotted).
tions for 1n + 12C scattering at 59.4 MeV/A. The solid line represents exact quantum 
mechanical calculations, and the long-dashed line shows results of the eikonal cal­
culation. As in the 10Be case the modified WKB result (dashed line) is determined
from equation 2.77, where only terms in the expansion up to and including third 
order are considered. The dotted line shows the effect of including the Wallace factor 
W[8\ in the calculations. Inspection of figure 3.4 shows the significance of including 
the non-eikonal corrections. The eikonal calculation fails to reproduce the exact 
quantum mechanical result even at small scattering angles.
The results for corrections up to and including third order are contrasted in 
figure 3.4. Clearly the modified WKB and the Wallace corrected calculations show
10
10°
considerable improvement over those of the eikonal. The difference between the two 
sets of corrections are very small at this energy.
With incident energy reduced to 25.0 MeV/A, xn + 12C scattering is now consid­
ered, figure 3.5. The curves have the same meanings as detailed for figure 3.4. As 
expected, due to the energy dependent nature of the eikonal approximation, the dif­
ferences between the lowest order eikonal and the exact calculation are substantially 
larger at this lower energy. The continued success of the non-eikonal modifications 
is still apparent.
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Figure 3.5: Calculated 1n + 12C elastic differential cross section angular distributions 
at 25.0 MeV/A. The solid line shows the exact partial wave solution, and the long- 
dashed line represents the eikonal calculation. A comparison is shown for corrections 
up to third order between the modified WKB (dashed) and Wallace (dotted).
Importantly, as in the 10Be+12C scattering, a comparison of the third order 
corrections in this reduced incident energy situation, shows that the modified WKB
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corrected cross sections give significant improvement over those calculated with the 
Wallace corrections.
3.4 Extension of non-eikonal corrections to  all or­
ders
The results exhibited so far have included corrections up to third order in e only. 
Although these results have been satisfactory, we wish to extend the angular range of 
validity especially at appreciably lower energies. It has been established that to third 
order, as energy is reduced, the Wallace corrections become less reliable than those 
generated using the modified WKB approximation. Therefore we will first consider 
improving the modified WKB approximation by using the exact continued S-matrix 
S\(k,b)  as a replacement for ^ ^ ( k j b )  and setting the factor W[S] equal to unity. 
Secondly, inversion of the partial wave scattering amplitude f (k ,0 )  is undertaken 
in an attem pt to determine W[8\ to all orders and hence establish a more accurate 
calculation of this factor.
3.4.1 Application of the EC S-matrix S\{k,b)
An impact parameter based code [91] is used to solve the radial Schrodinger equa­
tion of the form presented in chapter 2, equation 2.1. This allows extraction of the 
scattering S-matrix as a function of impact parameter. The numerical integration is 
continued from the origin, out to two matching radii outside the nuclear potential 
range assuming the forms of Fg{kr) and Gi{kr) detailed in section 2.1. The integra­
tion is performed using the Cowell-Numerov algorithm [92], which for a homogeneous 
second order differential equation with general form
u"{r) =  Y (r)u (r) , (3.6)
is based on the relationship
where h is the step size. For the continuous variable A(= t  +  1/2), by association 
with equation 2.54, gives
T(r) =  XA(r) =  k2 -  U(r) -
A2 -  1/4 (3.8)
Therefore for a given £ and number of iterations n, by defining
un — u(nh) ,
T„ =  T (nh),
An
i h2 ^  
12 n
U T (3.9)
then the iterative solution can be found from the knowledge of the required solution 
at r= 0  and r = h.
Rounding error can be reduced [93] by defining the quantity
D1 = A 1 -  Ac (3.10)
and then, for n  > 1, the following iterative sequence can be applied
Ai+i =  Dn +  h2T nuT
An + l — An +  D.n+l 3
U n + 1 —  A n + l
h*
12 "+1
(3.11)
For reasonable step size h the procedure is very accurate.
The replacement of the modified WKB S-matrix ^YKB(k,b) by an EC S-matrix 
S\(k,  b) at either 59.4 MeV/A or in fact at 25.0 MeV/A, leads to very little improve­
ment in the comparison of EC and modified WKB approximation results presented 
in figures 3.4 or 3.5.
Differential cross sections for 10Be+12C at 10.0 MeV/A are shown in figure 3.6. At 
this energy, the result generated using the EC S-matrix shows very good agreement 
over quite a large angular range. It should be noted that at these low energies 
there is a potential problem with the WKB series expansion, this is discussed when 
consideration of the form of the S-matrices to be used in the few-body description 
is made in chapter 5. Therefore for the two-body scattering described here, it is at 
energies below ~25.0 MeV/A that the EC S-matrices become invaluable.
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Figure 3.6: Calculated differential cross section angular distributions (ratio to 
Rutherford) for 10Be+12C at 10.0 MeV/A. The solid curve shows the partial wave 
exact results generated using ‘d d t p ’. The exact continued S-matrix S \  results are 
shown by the dashed curve. Modified WKB results are not shown (see main text).
3.4.2 Inversion of f ( k , 9) to determine W[S\
The significance of W[8\ to third order in 1/A:2 as a function of energy is clearly seen 
from inspection of figure 3.7 for the case of 1n + 12C. An increase of energy leads to 
a reduction in magnitude of W[8] until at energies of, or in excess of 100 MeV/A 
it becomes almost entirely negligible. However, at the lower energies, from the 
differential cross section results presented, it is evident that the W[5\ correction is 
not converging, indicating the possibility that further terms are required to generate 
improved results.
Through the use of equation 2.89 the product TT[$] S\(k,b)  can be calculated 
by an inverse Fourier transform of the exact scattering amplitude f (k ,9) .  This
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Figure 3.7: The energy dependence of the Wallace correction term W[5] up to third 
order in 1/k2 for 1n + 12C.
scattering amplitude is calculated using a full quantum mechanical approach but 
interpolated as a function of impact parameter through the use of A. Therefore 
the calculation of the factor W[S\ is still not exact but since this method naturally 
incorporates all orders of 5, some improvement is expected over the third order 
approximation used previously.
The code underwent preliminary computational checks by inverting scattering 
amplitudes generated from eikonal S-matrices and comparing the inverted and eikonal 
S-matrices. At high energies, the results were found to be very accurate for both the 
neutron and 10Be and would therefore provide an efficient means of calculating W[8\. 
Reducing energy to that of interest in our work had little effect on the 10B e+12C 
system. As energy was reduced in the 1n + 12C case, having only 1 /10th the mass, 
the inverted S-matrices were found to show some signs of divergence, which was
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manifest as an oscillatory behaviour when compared to the input S-matrices. It was 
apparent that this behaviour was of numerical origin, borne out through testing by 
adjusting the integration limits on equation 2.89. When the limits were extended to 
unphysical values, the convergence of the S-matrices was found to be satisfactory.
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Figure 3.8: Effect of W[5] at the level of the scattering S-matrix for 10B e+12C at (i) 
50.0 MeV/A and (ii) 25.0 MeV/A.
The effect of the inversion technique approximation to W[5\ on the scattering 
matrix can be viewed in figure 3.8. This is shown for the 10B e+12C system at 50.0 
MeV/A and 25.0 MeV/A. Although the magnitude of W[£] is clearly larger at the 
lower energy, it can be seen that at these sort of energies the effect of not making 
the approximation of setting W[5) equal to unity, is insignificant at the level of 
the S-matrices and has little bearing on the differential cross section calculations as 
deduced from previous figures.
The calculation of the W[8\ factor in isolation leads to the graphs shown in 
figure 3.9, in which comparisons are made with the third order in 1/k2 result. It 
is evident that even at 50.0 MeV/A the third order calculations for both 10B e+12C 
and Jn + 12C have not fully converged. Figure 3.9 graph (ii) shows that for 1n + 12C 
scattering, even at this energy, there are indications of the start of the oscillatory 
behaviour as observed in the eikonal test cases. At 25.0 MeV/A and below this 
problem precludes any attempt at determining W[6].
The implications of this is that application to both physical systems, 10B e+12C 
and 1n + 12C jointly, can only be realised at energies of ~50.0 MeV/A or above.
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Figure 3.9: Comparison of W[£] summed through inversion of the scattering ampli­
tude and W[8] up to third order in 1/k2 at 50.0 MeV/A for (i) 10Be+12C and (ii) 
1n + 12C.
3.5 Conclusions
We have presented eikonal theoretical calculations of differential cross sections for 
1n + 12C and 10Be+12C scattering. Using the Wallace impact parameter formalism, 
non-eikonal corrections have been applied systematically to third order. At the 
energies of interest here the use of the full Fourier-Bessel description, equation 2.65, 
with the factor W[S] taken to third order is of little practical value. At energies 
below ~50.0 MeV/A the modified WKB approximation gives quantitatively better 
results.
The approximation of W[S] to all orders is desirable since then it can be used 
in conjunction with the EC S-matrix S \ (k , b), and through this an accurate approx­
imation to the Fourier-Bessel S-matrix SFB(k,b), can be made. Unfortunately, the 
calculation of W[5\ through inversion for physical systems, only yields acceptable 
results at higher energies than considered here. In fact, it is only at energies where 
the significance of W[8\ is itself of questionable value that any ambiguity as a result 
of the physical limits on the integral is not exhibited.
Therefore at energies below ~50.0 MeV/A the best approximation is obtained 
through the use of EC S-matrices. This represents the partial wave S-matrix Si, 
on a continuous grid of impact parameter b as discussed in the previous chapter.
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This form of the S-matrix, unlike the others, does not suffer from the instability in 
the series expansion of consistently higher terms in the phase shift functions (see 
chapter 5).
Because W[8] cannot be determined at low energies to all orders, then it cannot 
be incorporated in a practical systematic way. In any case we do not know how 
to formally introduce this into our Glauber based few-body description. Hence it 
makes the EC S-matrices the best approximation to the required S-matrices and 
therefore the prime candidate for inputs for many-body problems, the description of 
which is our ultimate aim. These S-matrices for selected systems will be discussed 
in chapter 5.
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Chapter 4
The nuclear few-body m odel
In this chapter the formalism for the scattering of a composite projectile is introduced 
and the necessary notation and approximations developed. The few-body problem 
is theoretically more difficult to deal with than the two-body problem because, in 
principle, it involves coupling to excited bound states and states in the continuum. 
Elastic scattering of a loosely bound projectile composed of n clusters is considered 
when it interacts with a spherical target. Halo nuclei are modelled as a core, plus 
one or more valence nucleons. Hence an (n +  l)-body scattering model is required.
Our calculations go beyond the eikonal description to calculate the amplitudes 
making the forward scattering approximation, but not the eikonal approximation. 
For the systems of most interest to us (few-body halo and exotic nuclei), the use 
of potentials is rather vital to make progress in the absence of very extensive data. 
Our approach is a first attempt to study the accuracy of an impact parameter de­
scription, which includes non-eikonal corrections, at the energies of interest in this 
thesis. At this stage, data are usually not available to make a realistic inversion from 
observables to amplitudes or phase shifts. The use of a potential description is a 
practical alternative, and of necessity, we calculate these non-eikonal cluster-target 
phase shifts from potential models.
Starting from the few-body Schrodinger equation, a considerable simplification in 
the solution of this few-body equation is achieved using the adiabatic approximation 
[51]. The adiabatic treatment assumes that if the incident energy is high enough,
52
valence
core
projectile
target
Figure 4.1: Illustration of the relative coordinates of the target-projectile system for 
the three-body model.
the relative motion of the constituents of the incident projectile is slow compared 
with that of the centre of mass motion. This enables us to assume frozen internal 
coordinates of the projectile constituents during their passage by the target. The 
resulting adiabatic Schrodinger equation can be regarded as an effective two-body 
equation with only parametric dependence on the internal degrees of freedom. It 
can then be treated either quantum mechanically, by making a partial wave expan­
sion or semi-classically, by making further assumptions. The quantum mechanical 
adiabatic model used here was first applied successfully to the elastic scattering of 
the deuteron by Johnson and Soper [51] in the early seventies. This model was sub­
sequently developed by Amakawa etal. for deuteron break-up reactions [94, 95, 96], 
and subsequently by Thompson etal. for 7Li [97, 98, 99].
The application of the semi-classical (eikonal) approximation to multiple scat­
tering, is known as the Glauber approximation [100]. In addition to making the as­
sumption of the semi-classical straight line path, it is also assumed that the eikonal 
phase shift for the projectile-target system, is composed additively of the eikonal 
phase shifts generated by each projectile cluster and therefore each interacts inde­
pendently of all the others. The interactions between the projectile constituents
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and the target in the few-body model are represented by complex optical potentials. 
The real part of such potentials describes the refraction of the incident wave and the 
imaginary part describes the absorption of flux from each two-body elastic channel. 
This is discussed in detail elsewhere [3]. Few-body eikonal methods were first dis­
cussed by Glauber [10] for the three-body deuteron-nucleus system. More recently 
the model has been extended [46, 101] and applied to the scattering of three-body 
projectiles such as n Li and 14Be; effective four-body problems and 8He; effective 
six-body problems [102].
core
valence r
Figure 4.2: Coordinate system for the three-body model.
4.1 T h e  t h r e e - b o d y  m o d e l
The three-body model treats the projectile as a composite two-body structure (see 
figure 4.1). In the coordinate system chosen (see figure 4.2), R  is the relative coor­
dinate between the target and centre of mass of the projectile. It should be noted 
that R  represents r  as used in the two-body discussion in chapter 2. The vector r  is 
now used for the relative coordinate between the two clusters.
The exact wave function 4/^ (R, r) for scattering of a two-body projectile, with 
total energy if, from a spherical target satisfies the three-body Schrodinger equation
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[103, 104],
{Tr  +  H cv{r) +  1/(R ,r)} 4 +)(R ,r) =  £?< +)( R , r ) . (4.1)
The scattering wave function (R, r) describes the scattering of the projectile by 
the target with the superscript (+) taking its familiar meaning, indicating that the 
asymptotic boundary condition is satisfied such that, at large distances from the 
scattering centre the wave function is formed from the superposition of a plane wave 
and an outgoing spherical wave [70]. Hence for an incident projectile in ground state 
</>0(r), as R  —> oo,
4 +)(R ,r)  —v (j>Q(r) exp(zk • R) +  outgoing waves. (4.2)
Here Hcv(r) is the internal core-valence Hamiltonian of the projectile which is given 
by,
Hcv(r) = Tr +  Vcv(r) , (4.3)
the projectile ground state wave function <po(r ) satisfies the following equation [105],
t fCT(r)0o(r) =  - e 0^o(r), (4.4)
where s0 is the ground state (binding) energy of the projectile. The projectile internal 
kinetic energy operator Tr is given explicitly by
Tr =  , (4-5)
f^^cv
in which the reduced mass is
mcmv
[icv = ---------  . (4.6)mc +  mv
The potential V (R, r) is the sum of the two-body potentials between the target and 
the clusters in the projectile i.e.
V ( R , r ) = V ct(rc) + Vvt(rv).  (4.7)
The position vectors r c and tv are shown in figures 4.1, and 4.2 and are defined in
terms of ratios of the relative masses of the core and valence clusters such that,
r c =  R  — ar = R  — ( — — — r,
\m v +  mcJ
vv — R  +  /?r =  R + ( ^ — — — ) r. (4.8)
\m v +  mcJ
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The kinetic energy operator Tr  of the centre of mass motion is defined
(4.9)
where the reduced mass of the projectile-target system is given by
{mc + mv)mt ( ^
I h t  =  7 T  T V • V4 -1 0 )(mc +  mv +  mt)
Having established the formalism of the problem to be solved a solution can now be
determined which begins with making an adiabatic approximation to the internal 
Hamiltonian of the exact Schrodinger equation, equation 4.1.
4.2 The adiabatic approximation
The exact scattering wave function (R, r) can be expressed as a coupled channels 
expansion in terms of the ground state and inelastic and break-up states of the 
projectile,
4 +)(R, r) =  fc(r) Xo(R) +  J2 Mt)  Xi(R)- (4.11)
i
Here <^(r) are orthonormal eigenstates of the internal Hamiltonian H cv(r) such that,
Hcv(r)0j(r) =  -£i(j)i{r ) , (4.12)
where S{ are the projectile inelastic and break-up excitation energies. Substitut­
ing this expansion in equation 4.1 and making use of the eigenvalue equations 4.4 
and 4.12 leads to
{ 2k  +  F ( R ,r) -  (E  +  £„)} M r )  Xo(R)
+  E  { t R +  V {R, r) -  ( E  +  eO) M t )  X i(R ) =  0 ■ (4.13)
i *
At this point the adiabatic approximation is introduced. It is assumed tha t the 
core-valence excitation energies e* are much smaller than the incident energy of 
the projectile, i.e E  £*. Replacing e* by the ground state energy of the projec­
tile so, implies degeneracy of the projectile break-up configurations with respect to 
its ground state [103]. Thus, the projectile internal core-valence configurations are
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assumed fixed, and therefore provides justification for the projectile internal Hamil­
tonian Hcv, being replaced by a constant energy which is chosen to be equal to the 
ground state energy of the projectile. This choice can be supported because it is the 
excitation energy Hcv{r )+ £ 0 of the projectile states, which determine the time scales 
associated with the dynamical variables which relate the internal motion with the 
translational motion [106]. This choice also ensures that the resulting approximate 
few-body equation satisfies the correct incident wave boundary conditions and that 
the elastic channel component in the outgoing waves has the correct energy. This 
ground state energy, when summed with the total energy, gives the incident kinetic 
energy in the centre of mass frame
E o = E  + £Q. (4.14)
Making this substitution in equation 4.13 and if (t>o(r) is commuted leftwards then 
this enables it to be recast as
{ T R +  F ( R ,r ) - C E 0)} rhn(-r\ ( _L_  ^ •w.CR'Ar u w  ^auv-v  1 VMV AzVAWy / A 1 C\y±.xo)
If we now define an adiabatic wave function ^£+^ d(R, r) as the superposition of the 
ground state and all of the excited states of the projectile such that,
4 +)iU(R, r) =  Xo(R) +  M r  £  -Mr) % (R), (4-16)
-Mr ) i
then the adiabatic approximation to the Schrodinger equation reads
[  7k  +  V(R, r) -  So} 4 +M<i(R. r) =  0. (4.17)
Hence the adiabatic approximation to the exact wave function 4/ k ( R |r )i may be 
written,
¥ + ]Ad(R,v) = M t ) ^ )Ad(R ,r) -  (4-18)
Clearly the three-body adiabatic Schrodinger equation can now be expressed as [55],
[  Tr  +  y (R , r) -  So} ^ “(R, r) =  0 , (4.19)
with boundary condition, deduced from equation 4.2, that in the limit of R  —>• oo, 
'4 +M‘i(R > r) has the asymptotic form given by,
r ) ^0(r ) exp(ik • R) +  outgoing waves . (4.20)
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where the outgoing waves describe the elastic scattering and excitations of the projec­
tile. Equation 4.19 is now relatively easy to solve because T r  and E q are independent 
of the internal coordinate r  and the potential is just a number at any given point. 
Since r  is now not a dynamical variable there is only a parametric dependence on 
the internal coordinates and therefore the equation can be solved as a two-body 
problem for fixed values of r. In the remainder of this work, although implied, the 
superscript Ad  will be omitted.
A purely quantum mechanical treatment can now be undertaken. Inclusion of 
elastic break-up in the calculations, requires solving the scattering problem as a set 
of coupled channels radial equations, which explicitly treats the exchange of angular 
momentum between the trajectory and the projectile. These radial equations have 
to be integrated numerically from the origin out to a distance where the nuclear field 
is negligible and matched to the appropriate asymptotic form of the wave functions. 
The general procedure for the theoretical solution of coupled differential equations 
is detailed in many references for example [63, 107, 108]. The relevant numerical 
methods used in the calculations used herein are outlined in the next chapter.
Alternatively, a semi-classical approximation could now be made about the tra­
jectory in R , which is the approach which underpins this work. An advantage of this 
method is that it implicitly includes coupling to all break-up states (angular momen­
tum and energy) between the projectile clusters. The formulation of the few-body 
Glauber model will be reviewed in the next section.
4.3 Glauber’s multiple scattering theory
An overview of the three-body Glauber model is given here. A more detailed ap­
proach can be found in Glauber’s original presentation [10]. This disposition is 
similar in content and form to the description already presented in section 2.2 for 
a two-body interaction, although now the three-body notation and formulation is 
introduced. It is possible to extend the arguments contained here to deal with the 
four-body model, and this is dealt with elsewhere [109]. For this approximation to 
be accurate the range of the force between projectile and target and the wavelength 
of the projectile must be small compared with the distance between neighbouring 
nucleons. The elastic adiabatic scattering transition amplitude T  in the three-body
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model is given by [82],
T(k,k') =  ( k '^ |y (H ,r ) | « i+)) (4.21)
where k  and k ' are the initial and final momenta of the projectile in the centre of 
mass frame of reference.
The full three-body adiabatic scattering wave function r) is factorised as
shown in equation 4.18. In formulating the Glauber approximation, the adiabatic 
three-body stationary scattering wave function ip r ( R ,r ) ,  is initially separated into 
a product of the incident plane wave and a factor which distorts it [82],
?/4+ (^R, r) =  exp(ik • R) p(R, r ) . (4.22)
The function p(R, r) is the three-body modulating function for the incident plane 
wave. By substituting this expression in the three-body Schrodinger equation and 
by application of the high energy assumptions of the eikonal model, as detailed 
previously in chapter 2, the Schrodinger equation reduces such that p(R, r) can be 
determined from the solution of the resulting differential equation,
dp{R,r) . i ,™
“ m T  F fc p(R ’r )F (R ’r ) ’
(4.23)
where R% is the component of R in the direction of the initial momentum. The 
boundary condition that the incident wave °o) is a plane wave requires p(Rs =
—oo) =  1. Taking this condition into account the solution of this equation leads to 
an expression for p(R, r)
".Ra
p(R, r) =  exp nlk/ -n-3 di?'F( R',r)
-O O
(4.24)
If this expression is now substituted in equation 4.22 the approximate wave function 
is
^3
(R, r) =  exp i k - R — g / _ 3 d l^ V (R ',r ) (4.25)
This approximate form of the wave function ipQi (R, r) is a good approximation to 
4 +)(R,r) as Rs —> — oo since this obviously results in a plane wave. But ^ ^ (R , r) 
does not exhibit the correct asymptotic behaviour as R  —> oo. Using the expres­
sion 4.25 for ipoi\R, r) and substituting it into equation 4.21, replacing the full
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adiabatic scattering wave function \kk^(R, r), the Glauber approximation to the 
adiabatic transition amplitude becomes [35],
r Gi(k,k') =  I  (fo exp(—zk' • R) V (R, r) exp(zk • R) p(R, r) <j>o ) dH. (4.26)
Because the potential is sufficiently short ranged and since it is only necessary to 
know the wave function within the volume of the potential to calculate the transition 
amplitude, the incorrect asymptotic behaviour of the wave function is no longer 
significant. The momentum transfer q (=  k —k'), defined in chapter 2 equation 2.35, 
can now be introduced,
TG;(k ,k ') =  J  exp(iq -R ) F (R ,r )p (R ,r ) 0o ) dR- (4.27)
The bra-ket in this equation implies integration over the projectile’s internal coor­
dinate r. Because of the choice of axes, the position vector R  may be resolved into 
two components as in the two-body case such that
( a o o \  y±.*oj
where b is a vector produced by the projection of R  onto the xy  plane, perpendicular 
to k, (see figure 4.2). This allows the exponential term in 4.27, exp(«q • R) to be 
written,
exp(iq • R) =  exp(iq • b) +  exp(zq • k R 3). (4.29)
The Glauber approximation proceeds by assuming small forward angle scattering 
such that q is almost perpendicular to k. Thus q • k ~  0, and hence the following 
approximation can be applied,
exp(za • R) ~  exp(zq • b). (4.30)
The error in making this approximation is small, since exp(zq • k R 3) becomes ap­
proximately unity, and so for forward angles,
Q2
(1 — cos 6) kR 3 — kR^j 
& (4.31)
where Rs represents the distance over which R(R , r) p(R, r) varies appreciably [10]. 
Thus, the transition matrix can be written,
TGi(k, k') =  J  exp(zq-b) R (R ,r )p (R ,r) (p0 ) dR. (4.32)
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Representing d R  in cylindrical polar coordinates, such that d R  = bdb d(pdR3, im­
plies that equation 4.32 can be expressed as
i>27r r oo / \
> .(4.33)
r oo f2ir roo /
TGi(k,k')  = bdb j^ dcpexp(iq-b) J dR3 (cp 0 U(R, r) p(R, r)
from equation 4.23 the product U(R, r)/?(R, r) can be represented in terms of a 
partial derivative of the modulating function with respect to R 3, hence
i n k  r°° r2* r°° /
TGz(k,k/) = ------  /  bdb c^exp(zq-b) /  dR3 l(p0
L b r ) t  * '0  w 0  « /— OO \
d
d R
•p(R,r) H4.34)
h2k
P pt
The (p dependence is only manifest in the exponential term. For potentials with 
azimuthal symmetry, the azimuthal integration gives rise to a Bessel function Jo{qb), 
(see chapter 2, equation 2.42), and therefore
i2irh2k f ° ° , „  ,  , , N /  . f ° °  dm . /N /K% r ° 7 7, , r00 5 ,
Tgi (k, k ) = --------- / b db J0 (qb) ( /  dR3 — -/o(R, r)
/Zpt \ oo uR3 <Po
(4.35)
With the simplification of equation 4.30 the R 3 integration can now be executed. 
Using equation 4.23, the part of equation 4.27 involving the R 3 integration can then 
be written,
d/oo . dR3 w ^-p(R , r) =  p {R3 =  oo) -  p (R3 =  -oo )oo OJrC3 (4.36)
Evaluating p(R, r), in equation 4.24 at the limits, taking into account the boundary 
condition on p(R, r) assumed, leads to
d/oo 3 W5"P(R, r) =  exp [iX0(b, s)] -  1, oo OJri3 (4.37)
where X0(b, s) is the Glauber phase shift function describing the interaction with 
the target [110]. It is given by,
^)(b,B) =  - ^  r  dR3V(R,T) ,
n k J—oo
(4.38)
where the vector s is the projection of r  onto the x y , impact parameter plane (see 
figure 4.2).
Substituting in equation 4.35, the Glauber approximation to the adiabatic tran­
sition amplitude Tqi becomes
i2'Kf\2k  /  \
TGl(k, k') = - /  bdb J0(qb) U 0 exp[i*0(b,s)] -  1 <M  • (4.39)
pPt Jo \ /
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The scattering amplitude is related to the T-matrix by the following expression
f ( k , k ' )  = - £ ^ T ( k , k ' ) .  (4.40)
Recalling that for the three-body case the potential consists of core and valence 
contributions, the Glauber phase shift functions can be written as a sum of phase 
shift functions of the interaction of the respective clusters with the target. So for 
central potentials the few-body Glauber elastic scattering amplitude for a two-body 
projectile with internal wave function (j>o(r) is given by [46]
fai(0) = ~ ik JQ bdb M q b) {(^o exp [iXS(bc) +  iX£(bv)\ ^  -  1 j , (4.41)
where X^b^)  and Xjftby) are the Glauber (eikonal) phase shift functions for the core 
and valence particle-target system respectively. Equation 4.41 is the basic result 
for nuclear elastic scattering. Each portion of the incident wave passes through the 
potential and suffers a shift of phase characteristic of that path.
4.4 The Coulomb potential within the framework 
of the few-body model
To consider charged particle scattering it is necessary to generalise the formalism es­
tablished in the previous section and in chapter 2 to include the Coulomb interaction. 
It has been demonstrated that for central potentials, the eikonal few-body elastic 
scattering amplitude for a n-body projectile with internal wave function <j)o^(r) and 
therefore a (n+l)-body system is given by
/^"+1)W  =  - i k j ' b d b  J0(qb) -  1} , (4.42)
where SQU\b)  is the eikonal n-cluster projectile-target scattering S-matrix and it is 
defined,
sin\b) =  {</>%(n)
(n)
$
(n)
exp $
(n) (4.43)
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Here each S& (bj) is the point particle eikonal nuclear S-matrix for the interaction be­
tween the target and projectile constituent cluster j , evaluated at each constituent’s 
impact parameter bj.
4.4.1 Charged cluster scattering
When one or more of the projectile clusters is charged it becomes necessary to follow 
the Coulomb screening arguments used in chapter 2, which can be extended to deal 
with the few-body case. It is necessary to include a Coulomb phase factor due to that 
of a uniformly charged sphere as a function of the constituent’s impact parameter bj, 
i.e. elXp^ bj\  The phase shift in the point scattering case can be written as the sum 
of nuclear and Coulomb contributions as set forth in chapter 2, equation 2.97. In 
the few-body description, following the notation of chapter 2, each charged cluster 
eikonal phase shift function can therefore be written as being comprised of nuclear 
and Coulomb terms,
xi(bj)  = x U b j )  + x U b j ) , (4.44)
where the eikonal Coulomb phase shift function XoC(bj) is given by
Xoc(bj) =  r  dR3 VjC(rj). (4.45)
Tl K J —oo
These Coulomb phase terms diverge logarithmically at the limits of the integral over 
Rs and as in the two-body case a screening radius must be introduced. This allows
the Coulomb phase shift function Xqc (bj) to be written,
x i o f a ) = K b ) + ■  (4-46)
The screening phases X '£ =  —2r]j ln(2ka) depend linearly on the Sommerfeld param­
eter of each cluster r)j, which are defined
ZjZ^G f-^ jt
Vj =  n2k ’
and where zt is the charge on the target. The Sommerfeld parameter for the system 
is composed additively of these individual parameters i.e. 77 =  J2jVj- These phases 
add to give the screening phase Xa appropriate to the projectile, i.e.
Xa = £ ; x i -  (4.48)
J=1
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The few-body eikonal scattering amplitude in the presence of nuclear and Coulomb 
forces f Gl(d), analogous to the nuclear only amplitude fa (6 )  °f equation 4.42, is 
therefore
/o"+I)(6) = - i k  f°°bdb J0(qb) {exp [iX0N(b) +  iX0p(b) + iXa] -  1}. (4.49)
J  o
For convergence reasons (see chapter 2) it is technically advantageous to add and 
subtract the point Coulomb phase shift function elXpt h^\  a function of the centre of 
mass impact parameter b, to the integral expression in equation 4.49, such that
POO
- i k  bdb Ja(qb) eix* ^  { ^ ( f t )  -  1} , (4.50)
J  o
where the overall screening phase has been omitted, and the eikonal projectile-target 
S-matrix, including the Coulomb interaction, can now be represented by
S ^ ){b) = U t) exp j E  [iXL{bj)  + i 4 P{bj)] -  iXptV) ^  ) ■ (4-51)
The screened Coulomb phase shift function etXp^  reduces to a point Coulomb phase 
shift for large impact parameters, i.e. bj > Rc,  and at large impact parameters 
lim ^oo  bj = b, then asymptotically elXp^bj>} — elXpt^  equals unity and therefore con­
vergence of the modulus of the projectile-target scattering S-matrix will be ensured, 
i.e.
lim |5on)(6)| =  1. (4.52)
b—too
Hence, for a two-body projectile consisting of core and valence clusters the projectile- 
target scattering S-matrix is given explicitly by
5 q2)(6) =  ( ^ 2) |50c(6c)5J(ft„)ei^ (6o)+i^ p(‘»)+"p<(t')+i^ ‘(6’')-iA'>1‘<'’)| 4 2)) , (4-53)
this leads to the following expression for the scattering amplitude for the case of a 
two-body projectile which includes the Coulomb interaction,
/$ (« 0  =  /* (« ) -  ^  f° ° b d b  J0(qb) eixr‘W { s '2)(&) -  l }  . (4.54)
J  0
If the interactions to be considered do not include Coulomb break-up, then be­
cause the angular momentum is, in effect, carried by the centre of mass then the
64
Coulomb phase factor, by definition, is due to that of a uniformly charged sphere 
which is a function of the centre of mass impact parameter b only, i.e. etXp b^\  
Therefore, the eikonal scattering amplitude in the no Coulomb break-up case can be 
inferred from equation 4.50 and is defined thus
f (Gi+1\ 6 )  =  f v M  -  ik r  bdb Jo(qb) eix*‘M {§in\b )  -  l}  , (4.55)
J  o
in this instance the projectile-target S-matrix is given by
^  ) ■ (4.56)
4.5 Non-eikonal corrections
The application of the corrections expounded by Wallace including WKB and Rosen 
and Yennie corrections which are outlined in chapter 2 are now considered in their 
application to few-body scattering. Thus the eikonal approximation is no longer 
utilised, however the adiabatic and additivity of phases approximations are retained. 
Within the framework of the few-body Glauber model a prescription for including 
these corrections up to third order in the parameter e which is oc l / k 2, where k is 
the cluster-target centre of mass wave number, is described [27]. This prescription 
is extended to encompass corrections to all orders [57, 58].
4.5.1 W K B and Rosen and Yennie corrections
The inclusion of non-eikonal corrections in the three-body case will require modifi­
cations to the individual cluster-target phase shift functions Xq (bj) or equivalently 
to the description of the cluster-target S-matrices S^bj) .  The WKB phase shift 
function, expressible as an expansion in powers of the parameter e [11], reads
oo
= Z  *£>&) > (4-57)
m = 0
where the phase shift functions relating each cluster and the target are generated by 
an expression consisting of derivatives of powers of the potential, i.e.
(4.58)
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It should be noted that the leading term in this expansion gives the Glauber phase 
shift function. The {bj) are not themselves exact. The required correction terms, 
first studied by Rosen and Yennie [18] and subsequently employed by Wallace [19] 
are detailed in chapter 2. Improving the phases [27] to be used in the few-body 
Glauber model, involves replacing the eikonal phase shift functions by phase shift 
functions that include these correction terms, i.e.
x t w  -> i L t o ) = + % • ) -  (4-59)
where the second term on the right hand side constitutes the Rosen and Yennie 
corrections [18] which are also expressible as an expansion in powers of e [11]. As 
written in equation 4.59 the modified WKB phase shift function %^ KB{bj) includes 
both nuclear and Coulomb interaction effects, since the eikonal phase shift function 
for a charged core comprises nuclear and Coulomb terms as shown in equation 4.44. 
This Coulomb screening need only be applied in the lowest order term [27]. Else­
where, Vc appears in higher powers of (V# +  Vc). These terms make only finite 
range modifications to the integrals over R 3 in higher order terms.
Thus the modified WKB scattering amplitude can be written
=  /*(*) -  i k f b d b  Mgb)  { 1 ^ ( 6 )  -  l}  , (4.60)
where all the information on the projectile structure and its interaction appear
within the projectile-target scattering S-matrix, which is now modified through equa­
tion 4.59 to include the corrections detailed in chapter 2, hence
5;(n)
O )  =  exP E  [i&sAh) + i* L p(W] -  iXvt{b) 4") >- (4.61)
Therefore the physical basis of this prescription is to use the WKB and Rosen 
and Yennie corrections to the two-body eikonal phase, to systematically improve 
the description of the two-body S-matrices for each constituent channel, prior to 
averaging over the projectile ground state.
4.5.2 Extension to all orders through the use of the EC S- 
matrix S\(b)
If the corrections of the previous subsection were summed to all orders then the 
corrected phase shifts would converge to reproduce the exact partial wave scattering
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S-matrices for each two-body interaction. The expansions involved in calculating 
the modified WKB phase shifts converge very slowly to these exact S-matrices as 
the projectile energy is reduced. Correction terms up to n  =  3 in equation 4.60 have 
been applied and assessed elsewhere [27].
In the point particle discussion detailed in chapter 2, the association was made 
between the EC S-matrix S\(b) and the modified WKB S-matrix <5^(6), where the 
modified WKB expansion is the solution of equation 2.54 and S\(b) is the exact so­
lution. So rather than sum this expansion, the radial Schrodinger equation is solved, 
for each constituent at the required impact parameters as detailed in chapter 2. The 
cluster-target S-matrices S{(bj) are obtained by matching in the normal manner to 
the asymptotic solutions analytically continued for non integer A.
Therefore in the few-body case we replace, for each cluster j ,
S3o{bj) =  exp iXlN(bj) +  iXip(bj) -  iX^(bj)  -> S{(bj) , (4.62)
with Xit(bj) =  2r]j ln( kb j ) . That is, we replace each cluster eikonal S-matrix by the 
exact continued one. With these replacements the EC projectile-target S-matrix 
S ^ \ b ) ,  consistent with earlier notation, is
S ^ ( b )  = $
(n)
n  si(bj)
3 = 1
exp i E  X & M  -  i x ?t(b)
. J - 1
$
(n ) (4.63)
These EC S-matrices include non-eikonal corrections to each cluster-target phase 
shift to all orders. For charged clusters each S{(bj) is calculated in the presence of 
Coulomb. Therefore to be consistent with the eikonal case, it is necessary to add 
a point Coulomb phase shift for each cluster evaluated at their respective impact 
parameters bj, before subtracting the point Coulomb phase shift as a function of the 
centre of mass impact parameter b. Hence, the factor Xpt(bj') — ^ ^ (6 ) ]  is
included in the calculation of the projectile-target S-matrix S^Q))  as shown in the 
equation above.
Thus, by analogy to equation 4.60, the EC scattering amplitude can be written
POO
/a"+1)(0) =  fpt(0) - i k  bdb J0(qb) eix-‘W {sf>(&) -  l}  • (4-64)
J  o
The resulting calculation retains the efficient computational structure of the few- 
body Glauber model, involving a product of each cluster S-matrix. The scattering
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amplitude /J[n+1^(0) defined in equation 4.64 is not exact. It is missing corrections 
for the large I  and small 0 assumptions that were included in the Wallace factor 
W[<5] in the two-body case in chapter 2. For the few-body case however, there is no 
obvious definition of an equivalent W(n+1)[$]. The missing factor corrects for both 
the semi-classical approximation (t —»• b) conversion and small 0.
This approximation is expected to be good for weakly bound halo systems where 
the valence nucleon(s) spend most of their time far from the core. The full adiabatic 
calculations referred to in section 4.2 do not make the additivity of phases approx­
imation and so provide an assessment of such effects. This is considered further in 
the next chapter.
4.6 Overlapping Potentials
Within the framework of the three-body model presented so far it has been assumed 
that the total phase shift, <T(b,s), is composed additively of the phase shifts gen­
erated by the constituent clusters in the projectile (see for example equation 4.61), 
i.e.
X(.h,s) = ± W ( h j ) .  (4.65)
3 = 1
Here j  denotes each projectile constituent cluster, such that for the three-body 
model already discussed, this would represent core and valence clusters, that is, 
j  = c,v. The assertion implicit in equation 4.65 is that the phase shift of each 
cluster in the projectile is independent of the positions of the other constituents. 
This approximation may not be valid when the core and valence are close. The target 
is then under the influence of the core and valence interactions simultaneously. This 
will add terms in the total phase shift function X(b,  s), that depend in a non-additive 
fashion on the product of the core and valence interactions, each evaluated at its 
appropriate coordinates [111]. Feshbach [1, 100], derives the many nucleon-case and 
evaluation of the overlapping terms are obtained by appropriate use of the semi- 
classical approximation [111], this leads to an approximate expression for <T(b, s). 
Following Feshbach, we estimate the leading order correction to this independent 
scattering limit for the three-body model.
68
The scattering amplitude may be written in the familiar form [10], making only 
the adiabatic approximation so that in terms of an approximate wave function 
4 +W ) ,  it is given by,
/ ( k, k') =  j d R  exp[—*k' • R] ( * ,  | V(R, r ) 4 +)(R, r) | fo )  , (4.66)
where U(R, r) is the sum of the incident projectile cluster potentials with the target,
i.e.
m r )  =  E t y ( r i ) .
3 = 1
(4.67)
where n  represents the number of clusters. For simplicity we employ the poten­
tial Z7(R, r), which is the reduced potential and is related to V(H,  r) as shown in 
equation 2.26. Therefore the time independent Schrodinger equation can be written,
V24 +)(R, r) +  [A2 -  U{R, r)] Vi+)(R, r) =  0 (4.68)
In formulating the semi-classical approximation, Feshbach assumes the trajectories 
are undeviated by the action of the potential. This requires that the momentum 
change is small compared with the initial momentum. The straight ahead approxi­
mation is valid when
V
0 ~  2E <  1 ‘ (4.69)
Using this approximation the change in phase of a plane wave can be ascertained. 
Therefore if Rs denotes the component of R in the direction of the initial momentum 
k, then the approximate wave function [100] is,
4 +)(R, r) ~  exp [ i  k • R  +  J *  $(R', r) j , (4.70)
where R' =  (b ,^ ) , and the differential phase function ^(R', r) is defined,
$ (R ', r) =  (A2 -  U{R ', r))1/2 -  k . (4.71)
For U/k2 =  V / E  <C 1, then [k2 — f/(R/, r) J1^ 2 can be expanded in a Binomial series. 
If we wish to assume an eikonal description, then it is necessary to keep only the 
lowest order term [100]. Following the derivation discussed in section 4.3, an eikonal 
approximation to the scattering amplitude can be established. In this semi-classical
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approximation, proposed by Feshbach, the derivation develops in a similar fashion 
to that of the eikonal approximation.
Substituting the semi-classical expression for t/4+^(R, r) into equation 4.66 gives 
the following approximation to the scattering amplitude,
°r3
/ ( k ,k ')  dR e*k" k> R U 0 U (R, r) exp {■/' dR'3 $ (R ',r ) $ 0  -(4.72)
Following the small scattering angle assumption arguments of the eikonal approxima­
tion, detailed in section 4.3, implies that exp[iq • R] can be replaced by exp[zq • b]. 
Hence, for dR  =  b db d(p dR^, then the approximate scattering amplitude is given by,
1 roo r'l’K
/ (k , k') =  ——  /  bdb /  d(f> exp[zq • b] 
47r Jo Jo
x J  dRs I (J)q U (R, r) exp {*£ d R j$ (R ',r) 4>o ) ,  (4.73)
when the potential is azimuthally symmetric, carrying out the dip integration gener­
ates a Bessel function and leads to,
/ (k ,k ')  =  - l- J ~ b d b U q b )
x f  dRs IfaU (R, r) exp I i f  dR3 ^ (R 7, r) 
J—oo \  [ J—oo
• (4.74)
The square root term of the differential phase function $ (R , r) (see equation 4.71) 
can be expanded binomially to give
k .
For large k we need only retain the lowest order (eikonal) term, then
t/(R ,r)  -  —2/c$(R ,r).
(4.75)
(4.76)
Feshbach makes this approximation to the potential, which multiplies the exponen­
tial in equation 4.74, arguing that it only introduces errors of the same order as 
those involved in the derivation of the semi-classical wave function [111] i.e.errors of 
order V /E .  Incorporating this leads to,
roo
/ (k ,k ')  = k j  bd b J0{qb) 
* £ > • ( <F(R, r) exp {</: $ (R ', r) <M ■ (4-77)
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Following the derivation of the few-body Glauber approximation in section 4.3 gives
Of course this can be extended to include higher order terms. This is shown in
many-body terms as required, depending on the the number of projectile constituent 
clusters. In the systems under study, namely a two-body projectile incident on a 
structureless target, there are only two terms in the expansion and therefore the 
series is truncated to take account of these. It will be shown that for halo systems 
the leading correction term is small.
Substituting equation 4.81 into the exponential term of the expression for the 
scattering amplitude, equation 4.78, suggests the additivity of phases contribution 
is given by,
(4.78)
which, is similar to a few-body eikonal expression except that the higher order terms 
in the expansion of the exponential argument are not discarded.
With reduced potential Uj(rj) for each projectile cluster in the presence of the 
other, let
(4.79)
Hence rearranging equation 4.79 in terms of the reduced potential gives
(4.80)
If this is substituted in equation 4.71 and the square root is expanded (see Ap­
pendix A) then to second order in 4?^ ,
j 3>j‘
(4.81)
Appendix B, where an expansion to third order in terms of the potentials is derived. 
The exact expression for <T(b, s) should contain not only the one-body terms but also
(4.82)
and that the overlapping potentials contribution can be explicitly written
(4.83)
71
Therefore the total phase shift function A’(bjS) can be written as,
X{h,  s) =  £  X j (bj) +  £  M b j ,  b/)> (4.84)
j j>?
where the first term represents the approximation of additivity of phases assumed 
in the previous discussions. The second term Xp(bj, by)  represents corrections due 
to cluster-target potential overlaps. For the three-body systems under investigation 
here, with projectiles only consisting of core and valence clusters, equation 4.84 
reduces to
X{b,  s) =  X c(hc) +  X v(bv) +  XF(bct b„),
where,
1 f°°
XF(bc, b„) = t  dR3 $ c(rc)$ „ (r„ ) . (4.86)
K J —oo
In order to evaluate the importance of these leading order corrections, appropriate 
substitution in the equation for the eikonal scattering amplitude, equation 4.41, is 
undertaken. For a two-body projectile, assuming central potentials, the scattering 
amplitude can be represented by,
m  = - i k f i ° b d b  J o W  { ( 4 2)
The overlapping potentials contribution will be evaluated quantitatively for halo 
nuclei using simple Gaussian potential parameterisations, which are detailed in Ap­
pendix C. In the next chapter it is shown, that compared to the non-eikonal correc­
tions, the significance and effect of these overlapping potential terms is negligible.
eiXS 0>c)+iXg (bv)+iXF (be ,bv) 4 2)\  -  l | . (4.87)
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Chapter 5
Q uantitative evaluation of  
few-body results
The aim of this chapter is to present and assess the application of the prescription 
discussed in chapter 4. Non-eikonal corrections as discussed in chapters 2 and 4 
are evaluated. Comparisons of these results are made with quantum mechanical 
partial wave calculations, where the adiabatic assumption is made universally. The 
quantum mechanical solution of the three-body adiabatic Schrodinger equation is 
accomplished using the computer program ‘A D IA ’ [112], by partial wave expansion 
and without further approximation, using the method of [94]. For each value of r  
a small coupled channel set is solved to obtain the r-dependent T-matrix elements. 
These elements are averaged over the ground state density of the projectile to ob­
tain the usual elastic nuclear T-matrix elements. Further details can be found in 
references [97, 98, 99, 112].
Specifically we are interested in applications to reactions of light composite pro­
jectiles such as 6He, 8B, n Be, n Li etc., which comprise of a core nucleus and one or 
more loosely bound valence nucleons, at incident energies of a few 10’s of MeV/A.
Results are presented for selected projectiles incident on a common target which 
indicate the general properties of the prescription’s application. The formalism 
previously related is first applied to the three-body system d +  12 C. Application 
to n Be H- 12C, n Be being an example of a binary, 10Be +  n, single neutron halo
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nucleus scattering is also considered. This is then extended to model a four-body 
system, in this case, 6He +  12C, where 6He is modelled as a three-body projectile 
with an alpha particle core and two valence neutrons.
It is assumed that the interactions between individual constituents in the projec­
tile and the target are due to two-body optical potentials with real and imaginary 
Woods-Saxon volume terms. Generally these optical potentials were ascertained 
from global Becchetti-Greenlees parameterisations [90] or those of Chapel-Hill [113]. 
The Coulomb interaction, where applicable, was that due to a uniformly charged 
sphere with the radius parameter rc chosen to be 1.20 fm.
5.1 Computational checks
Initial computational checks included assessing the projectile wave functions gener­
ated by the respective codes. These were compared and found to agree accurately.
A check of the computations of the three-body adiabatic code was carried out. 
The technique uses the results of the adiabatic theory in a special limit, namely the 
neglect of either the core-target or valence-target interaction, [105, 106, 114]. It has 
been shown to be a powerful tool [103] in checking three-body calculations since it 
provides an exact solution to the three-body Schrodinger equation, and reduces the 
problem to a two-body one. Two conditions are necessary for its application: (i) 
that an adiabatic treatment can be applied as discussed in chapter 4 and (ii) the 
core-target interaction should be much greater than the valence-target interaction.
In the absence of the valence-target interaction the three-body Schrodinger equa­
tion can be treated adiabatically in the same manner as outlined in chapter 4.
Using the notation developed therein the corresponding adiabatic three-body 
wave function satisfies
where R — o r  is the core-target separation vector. This equation can then be sim­
plified through a variable transformation, rc =  R — av  which leads to the following
{T r  +  Vct(R  -  or) -  E 0} <4+)(R, r) =  0 (5.1)
form for ']/[y (R, r)
^k+)(R . r ) =  M 1) exP [ia k  • r l Xk+)(r c) (5.2)
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where Xk+ (^r ) the wave function for the scattering of a point particle from the 
potential Vct{rc) [106].
The corresponding elastic scattering differential cross section is given by the 
product of a form factor F ( Q) and the cross section for a point projectile,
where Q =  aq . The modifications of the point scattering due to the composite 
nature of the projectile are contained in the form factor, which therefore includes 
effects of break-up of the projectile in elastic scattering.
0.0* V* 
MWKB 
Wallace
,010
■110'
10.00.0 5.0 15.0 25.020.0
eo.m. (degrees)
Figure 5.1: Comparison of the calculated differential cross sections (ratio to Ruther­
ford) for n Be+12C at 49.3 MeV/A in the limiting case where the valence-tar get 
potential is neglected. The solid line shows the exact partial wave solution, the 
dashed lines indicate the impact parameter integral calculations.
Full adiabatic quantum mechanical solutions in which the valence-target inter­
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action was switched off were performed using ‘A D IA ’ and the results compared at 
the level of the S-matrices with those of the ‘special model’. A comparison of the 
respective S-matrices showed that exact agreement was established, and at the level 
of cross sections good agreement was achieved.
A check of the Glauber based impact parameter codes was also undertaken in 
the limiting case of neglecting the valence-target potential. This was applied to 
11Be+12C, effectively reducing the composite projectile to a point projectile, and 
hence a two-body problem, which could then be checked. The results are shown in 
figure 5.1. The solid line represents the ‘special model’ partial wave solution, the 
long-dashed line shows the modified WKB result and the dashed line indicates the 
eikonal plus Wallace corrections, both up to third order in e. The modified WKB and 
Wallace results are indistinguishable from each other. The convergence to the exact 
result is consistent with the accuracy of the two-body results detailed in chapter 3.
The valence-target, neutron -I- 12C, optical potential was determined using the global 
Becchetti-Greenlees parameterisation [90].
Figure 5.2 shows a comparison of the S-matrices for the system 1n +  12C. The 
eikonal case is shown by the long-dashed line. The WKB expansion including Rosen 
and Yennie corrections all to third order is given by the dashed line (modified WKB). 
If Wallace corrections to third order are also included then the dotted line shows 
their significance. The EC S-matrix is represented by the solid line and the partial 
wave solution for discrete values of integer I  are shown by filled circles. Modifying the 
WKB approximation through inclusion of the Rosen and Yennie corrections to third 
order, causes significant convergence to the exact result. Whereas the subsequent 
addition of Wallace corrections to the same order results in divergence. This must 
account for the conversion between a partial wave sum and an impact parameter 
integral in some way. It is clear that the EC S-matrix calculation is such that it 
passes through these discrete values of the partial wave solution.
The corrections to the eikonal phase are most influential at small impact param­
eters, which corresponds to large scattering angles. We know from the investigation 
of two-body systems that at the energies of interest to us, use of either the modified
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Figure 5.2: Comparison of S-matrices with and without corrections to the eikonal 
result with an exact quantum mechanical calculation using ‘d d t p ’ [24] for 1n + 12C 
at 49.3 MeV/A. The curves are discussed in the main text.
WKB or EC S-matrices results in improvements to differential cross sections over 
those calculated for Wallace corrections, when the latter are truncated at third or­
der. Therefore in figure 5.3 a comparison of the modified WKB S-matrix with the 
EC S-matrix for 1n + 12C is shown for two relevant energies.
As energy is reduced from the 49.3 MeV/A case shown in figure 5.2 the modified 
WKB S-matrices are seen to diverge. Although convergence is occurring at the 
surface, clearly there is a significant discrepancy in the interior at 25.0 MeV/A, 
where oscillation around the EC S-matrix for small values of impact parameter b is 
evident.
At 10.0 MeV/A the modified WKB S-matrix has become unphysical as shown in 
graph (ii) of figure 5.3. This is due to the non-convergence of the WKB phase shift
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Figure 5.3: Comparison of the modified WKB S-matrix with the EC S-matrix for 
^ + “ 0  at (i) 25.0 MeV/A and (ii) 10.0 MeV/A.
expansion at lower energies. If any term in the imaginary part of the K^kb expansion 
becomes negative then this results in an exponentially increasing term multiplying 
the phase shift and consequently, the WKB expansion does not converge. Hence, 
modifications extending this approximation also become untenable. Therefore a 
condition on the use of the WKB based methods used herein for low energies and 
particularly for light projectiles, i.e. for small k, is that since 'WKB = exp 
then
I m { ^ KB} > 0 .  (5.4)
5.3 Charged particle scattering
The core-target, 10Be +  12C, potential uses inputs as detailed in [27]. In the case 
of the core, inspection of figure 5.4 shows the convergence of the modified WKB 
result (dashed-line) with respect to the EC S-matrix is good. This leads to very 
little difference in the calculated cross sections.
When the incident energy is reduced to 25.0 MeV/A convergence of the modified 
WKB is still seen in this case. However, if the energy is reduced to 10.0 MeV/A 
then, as in the neutron case, the imaginary part of the approximate phase shift has 
become positive for a range of impact parameters and so does not yield useful results. 
A notch test was undertaken to establish the sensitivity of the cross sections
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Figure 5.4: Comparison of the modified WKB S-matrix with the EC S-matrix for 
10Be+12C at (i) 49.3 MeV/A, (ii) 25.0 MeV/A and (iii) 10.0 MeV/A.
to anomalies in the core-target and valence-target S-matrices at different impact 
parameters. This was accomplished by adding an additional Gaussian curve in the 
relevant locations of the S-matrices i.e. in the interior and at the surface. The form 
used was
S'(b) = 5(6) +  A5(6) , (5.5)
where A S(b) is defined
A S(b) =  C  exp ( b - b o f
a"
(5.6)
here C  is a constant and o:= l/a, where a is the diffuseness.
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As expected, the surface region was established as the most important region 
in determining the cross section. It was found that the core-target interaction was 
much more sensitive than the valence-target interaction, which was also not partic­
ularly sensitive in the interior, due to the almost complete absorption of the core at 
small values of the impact parameter. This lack of sensitivity allows the Rosen and 
Yennie corrections to be applied with reasonable success even when convergence is 
not precise, especially in neutron scattering, as exemplified in figure 5.3.
The conclusion that can be drawn from both the core-target and valence-target 
examples, is that direct use of the EC S-matrices avoids these inherent instabilities, 
is much simpler, and also avoids the slow convergence of the modified WKB phase 
shift expansion.
1.01.0
RealReal 0.80.8
0.6
0.40.4
ImagImag
0.00.0
- 0.2- 0.2
•  D D T P. 
-  EC
•  DDTP 
-  EC
-0.4-0.4
- 0.6- 0.6
- 0.8- 0.8
10
b (fm)b (fm)
(0 (ii)
Figure 5.5: Comparison of the EC S-matrix with the exact partial wave £d d t p ’ 
S-matrix for 1p + 12C at (i) 25.0 MeV/A and (ii) 10.0 MeV/A.
For completeness, the S-matrices for 1p + 12C at the two energies, 25.0 MeV/A and 
10.0 MeV/A are shown in figure 5.5 in which they are checked against the discrete 
values of the partial wave S-matrix generated using ‘d d t p ’. These EC S-matrices 
together with the neutron EC S-matrices presented in section 5.2 will be used as 
inputs in the first composite projectile scattering system to be studied i.e., deuteron 
+  12C.
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5.4 Application to deuteron +  12C scattering
The three-body model will, in the first instance, be applied to deuteron induced 
reactions. The deuteron has a comparatively large m atter radius and can be regarded 
as a simple, loosely bound nuclear system. In the work that follows the deuteron is 
considered as a system of two particles, the proton and neutron, of approximately 
equal mass bound by an attractive short range force. The tensor force is neglected 
for the purposes of these calculations. The deuteron provides an appropriate starting 
point for studies leading to the more complex halo nuclei.
For deuteron scattering the inputs required are the deuteron wave function and 
the proton- and neutron-target S-matrices S p(bp) and S n(bn). The cluster-target 
S-matrices are obtained by solution of the free p- and n-target scattering problems 
at half the incident deuteron energy.
The three-body elastic amplitude is
/P)(0) =  f H(p) -  ik [°°bdb JQ(qb) eix”tl^  {S<2)(6) -  l )  , (5.7)
*" v 7 Jo *■ J
where b, bp and bn are the deuteron, proton, and neutron impact parameters, and
S<2)(6) =  ( $ ( 2> ^(bp)  S n(bn) exp 2irjln $<2)) . (5.8)
We consider deuteron scattering at three incident energies 50.0 MeV/A, 25.0 
MeV/A and 10.0 MeV/A. Only a slight improvement to the differential cross sections 
is achieved at 50.0 and 25.0 MeV/A through the use of EC S-matrices as opposed to 
modified WKB S-matrices. This is exemplified in figure 5.10 for n B e+12C scattering. 
However, the advantages of using these, especially at lower energies, has already been 
discussed and consequently modified WKB results will not be shown explicitly in 
deuteron scattering or in any other 11 Be scattering results.
The neutron and proton optical potential parameters at the three energies were 
calculated from the global parameterisation of reference [90]. Experimental data 
determine only the depth and range of the neutron-proton nuclear potential and 
not its detailed shape, therefore any potential shape can be effectively utilised to 
obtain the well depth and effective range. The deuteron ground state wave function 
herein was assumed to be a pure s-wave and was calculated using a central Wood- 
Saxon interaction with depth 83.37 MeV, radius of 0.95 fm and diffuseness of 0.65
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fm. These parameters gave a deuteron binding energy of 2.224 MeV and an rms n-p 
separation of 4 fm.
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Figure 5.6: Calculated d + 12C elastic differential cross section angular distributions 
(ratio to Rutherford) at 50.0 MeV/A. The curves show the partial wave adiabatic 
exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and Exact Con­
tinued (EC) (dashed) calculations.
Figure 5.6 shows the calculated elastic differential cross section angular distribu­
tions (as a ratio to Rutherford) for d + 12C scattering at 50.0 MeV/A. The dot-dashed 
curve indicates the solution for the no break-up case, the long-dashed curve is ob­
tained using the eikonal model and the dashed curve using the EC phases. The solid 
curve shows a full quantum mechanical (coupled channels) calculation which makes 
only the adiabatic approximation. This calculation is time consuming and includes 
s, p, d and f wave n-p break-up states.
The no break-up result is generated using the Watanabe single-folding model
82
[115], in which the sum of the core and valence potentials is averaged out over the 
projectile internal wave function [116] i.e.,
Vwat — (<&) | Vp +  K  | ^ o )  • ( 5 -9)
At 50.0 MeV/A it is clear that the replacement of eikonal S-matrices by EC S- 
matrices makes considerable improvement to the differential cross section. Although 
the eikonal model does reasonably well up to ^30°, there are significant discrepancies 
between the eikonal and exact calculations, even at small scattering angles. The EC 
prescription considerably improves the accuracy of the calculated observables for 
this angular range and for scattering angles greater than ~30° this improvement is 
marked.
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Figure 5.7: Calculated d + 12C elastic differential cross section angular distributions 
(ratio to Rutherford) at 25.0 MeV/A. The curves show the partial wave adiabatic 
exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and EC (dashed) 
calculations.
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Halving the incident energy to 25.0 MeV/A, using the S-matrices shown in fig­
ure 5.3 and 5.5, gives results which are shown in figure 5.7 where the curves have 
the same meaning as in figure 5.6. In lowering the energy the object is to enhance 
the significance of the non-eikonal contributions. As expected the results are not 
as good, the differences between the eikonal and exact calculation are significantly 
larger. This demonstrates that at this energy, for this system, the eikonal model 
has serious shortcomings. The EC prescription does reasonably well in correcting 
for these.
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Figure 5.8: Calculated d + 12C elastic differential cross section angular distributions 
(ratio to Rutherford) at 10.0 MeV/A. The curves show the partial wave adiabatic 
exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and EC (dashed) 
calculations.
The eikonal and EC calculations, which include all break-up states through clo­
sure, are extremely fast. Even for this very light projectile system, tightly bound
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in comparison with halo nuclei, the agreement between the EC phase shift cross 
sections and exact adiabatic calculations is rather good, even down to energies as 
low as 10.0 MeV/nucleon as shown in figure 5.8.
There is no indication that corrections to the additivity of phases approximation, 
included in the full adiabatic calculation, are significant even for this light and weakly 
absorptive system. Of greater current interest is the application of such ideas to halo 
nuclei with weaker binding, enhanced break-up channels, and larger radial extent.
5.5 Application to n Be +  12C scattering
The nucleus 11 Be is a good example of a single neutron halo nucleus composed of a 
10Be core and a valence neutron.
We consider 11Be+12C scattering using the neutron and 10Be+target S-matrices 
already computed and shown in figures 5.3 and 5.4 of sections 5.2 and 5.3 respectively.
The scattering amplitude is given by equation 5.7. The two-body projectile S- 
matrix S ^ (b )  appropriate to n Be is
S<®(b) = ( $ (2) S c(bc) S n(bn) exp 2irj In (t )] $<2)) ,  (5.10)
with bc and bn the core and neutron impact parameters.
The n Be ground state wave function <&q2^ was taken to be a pure 2si/ 2 neutron 
single particle state, with separation energy 0.504 MeV, calculated in a central Wood- 
Saxon potential of geometry r0 = 1.00 fm and aQ = 0.53 fm. W ith a 10Be root mean 
squared (rms) m atter radius of 2.28 fm this generates a 11 Be composite with rms 
radius of 2.90 fm, in agreement with recent few-body analyses [38].
In figure 5.9 the solid line represents the exact coupled channels partial wave 
solution generated using [112]. The eikonal result is shown by the long-dashed line. 
The use of the EC S-matrix prescription results in the dashed line. At this energy 
of 49.3 MeV/A excellent agreement with the full adiabatic calculations is achieved 
by making the appropriate substitution of the EC S-matrices.
In figure 5.10 the calculations at 49.3 MeV/A are extended out to larger scattering 
angles, thereby allowing the difference between the modified WKB approach and that 
of the EC prescription to be contrasted. Utilising the EC S-matrices, as opposed to 
the Rosen and Yennie corrected WKB S-matrices, results in a slight improvement
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Figure 5.9: Calculated n Be+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 49.3 MeV/A. The curves show the partial wave adi­
abatic exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and EC 
(dashed) calculations.
to the cross section, as compared to the exact result. However, at this energy it 
is only really evident at the larger scattering angles shown here. A comparison 
with experimental data at 49.3 MeV/A is presented elsewhere [27, 117], and reveals 
that the elastic differential cross section obtained through the Watanabe potential 
is too large except in the forward angle region. Including break-up reduces the cross 
section towards that of experiment confirming that the effects of break-up on the 
elastic scattering are very important.
In figure 5.11 the incident energy is halved in an attem pt to enhance the non- 
eikonal contributions. The curves shown have the same meanings as in figure 5.9. 
Evidence from inspection of these two figures reveals that the differences between the
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Figure 5.10: Calculated n Be+12C elastic differential cross section angular distri­
butions (ratio to Rutherford) at 49.3 MeV/A. The curves show the partial wave 
adiabatic exact (solid), 3rd order modified WKB (long-dashed), and EC (dashed) 
calculations.
adiabatic exact and the eikonal are significantly larger at this reduced energy. Even 
at an energy of 25.0 MeV/A there is still little difference between the Rosen and 
Yennie corrections (not shown in figure 5.11) to the few-body scattering amplitude 
and the use of the EC S-matrices, both give accurate results over a significant range 
of scattering angles.
If the incident energy is further reduced to 10.0 MeV/A, then the eikonal ap­
proximation, as expected, does considerably worse. Furthermore, at this energy the 
WKB solution fails to converge, this is evident from figures 5.3 and 5.4 in which 
it is clear that the physical nature of the core and valence S-matrices has not been 
conserved. Consequently, no meaningful results for the cross section can be deter-
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Figure 5.11: Calculated 11Be+12C elastic differential cross section angular distri­
butions (ratio to Rutherford) at 25.0 MeV/A. The curves show the partial wave 
adiabatic exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and 
EC (dashed) calculations.
mined. Conversely, it is interesting to note that the application and use of the EC 
S-matrices results in very good agreement for a wide range of scattering angles even 
at this energy where the use of the adiabatic assumption is itself suspect [27, 94]. 
This work deals only with corrections to the eikonal approximation not the adiabatic 
approximation, which is expected to be reasonable whenever the relevant excitation 
energies of the projectile are small compared with its incident energy.
Overall the agreement with the full adiabatic calculations in these cases is excel­
lent. We attribute the improved agreement in this halo nucleus case to the weaker 
binding and the probable further reduction in correlated scattering or overlapping 
potential contributions (see section 5.6). As the figures presented show, for practi-
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Figure 5.12: Calculated n Be+12C elastic differential cross section angular distri­
butions (ratio to Rutherford) at 10.0 MeV/A. The curves show the partial wave 
adiabatic exact (solid), the no break-up (dot-dashed), eikonal (long-dashed), and 
EC (dashed) calculations.
cal purposes, using the EC phases provides a reliable method for adiabatic model 
calculations of the scattering of one-nucleon halo systems.
5.6 Feshbach overlapping potentials corrections
Assessment of the relative contribution from Feshbach overlapping potentials was 
initially carried out using the same system, 11Be+12C. A Gaussian potential was 
employed with no Coulomb contribution in order to enable an analytical form for 
the corrections to  be used (see Appendix C).
The differential cross section results are shown in figure 5.13. The solid line
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represents the adiabatic exact result, the eikonal calculation is given by the long- 
dashed line and the dashed line shows the results when the first order Feshbach 
corrections are applied to the eikonal result. In this case the corrections appear very 
small and compared with the non-eikonal corrections are essentially insignificant. 
This is clearly shown in figure 5.14 where the percentage change compared with the 
exact result is presented. Even at relatively large scattering angles the inclusion of 
the Feshbach term only improves convergence slightly.
Inclusion of second and third order Feshbach corrections (see Appendix B) were 
investigated but were found to be negligible, e.g., for n Be+12C with no Coulomb 
interaction at 49.3 MeV/A inclusion of these resulted in <1% difference at ~40°.
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Figure 5.13: Calculated n Be+12C elastic differential cross section angular distribu­
tions at 49.3 MeV/A using a Gaussian potential with no Coulomb contribution. The 
curves show the partial wave adiabatic exact (solid) result, the eikonal (long-dashed) 
and the eikonal including first order Feshbach corrections (dashed) calculations.
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Figure 5.14: Percentage change in the eikonal differential cross section compared 
with the adiabatic exact, when Feshbach overlapping potential terms are included 
for the interaction n Be+12C.
The corrections were then applied to the same system but with a more realistic 
Woods-Saxon potential as used in the evaluation of the non-eikonal corrections. The 
analytical form of the Feshbach corrections was again utilised and the parameters 
defining the Gaussian potential were adjusted to match, as accurately as possible, the 
Woods-Saxon potential, ensuring that the Feshbach corrections were of the correct 
magnitude. Figure 5.15 shows the comparison of these potentials for the valence 
and core. The result of this application reveals that, as in the Gaussian example, 
the effect of Feshbach corrections to this loosely bound halo system is insignificant 
at the level of cross sections.
Variation of such parameters in the Feshbach term as potential strength (Vo3 Wo) 
and range parameters ( t v , rw) resulted in a very small effect, the only significant
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Figure 5.15: Calculated potentials at 49.3 MeV/A. The curves show the Woods- 
Saxon (solid) for the realistic system and matching Gaussians (long-dashed) for (i) 
1n + 12C and (ii) 10Be+12C.
change occurred when the diffuseness parameters (ay, aw) were adjusted. However, 
this was inconsequential until the realistic diffuseness parameters were increased 
by a factor of three, such that the real diffuseness parameter was 12.0  fm and the 
imaginary 9.9 fm. This, of course, is not physically representative of the system.
The sensitivity of the model to the complimentary processes of increasing binding 
energy and reducing core absorption was investigated with respect to these overlap­
ping potential corrections.
5.6.1 Sensitivity to binding energy
Increasing the overlap of the potentials in the Feshbach terms of the systems under 
study can be achieved by increasing the binding energy of the projectile. This has 
the effect in the 11 Be projectile of pulling the valence neutron closer to the core. 
A factor of ~20 increase in the binding energy results in the neutron being pulled 
into the core. The effect on the accuracy of this can be seen in figure 5.16, in which 
the EC S-matrix formulation is used to indicate the significance of the overlap as a 
function of the binding energy. The solid lines represent the quantum mechanical 
adiabatic exact results and the EC results are shown by the long-dashed curve.
The binding energy of the projectile was systematically increased. As expected
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Figure 5.16: Calculated 11Be+12C elastic differential cross section angular distribu­
tions at 49.3 MeV/A using a Woods-Saxon potential showing the effect of increased 
binding energy. The curves show the adiabatic exact (solid) and the EC (long- 
dashed) calculations.
the accuracy of the EC prescription model is reduced when the binding energy is 
increased. The results are presented in figure 5.16 for the accepted binding energy 
of 0.5 MeV and the artificially high value of 10.0 MeV. Although this has the effect 
of reducing the convergence even at very small centre of mass scattering angles, the 
change is small in this type of system and as such, is likely to only have consequences 
for very tightly bound systems consisting of a greater number of clusters.
5.6.2 Sensitivity to core absorption
A main feature of the model used is that it has an absorptive core, consequently the 
sensitivity of results to this feature are of considerable interest.
93
0.9
0.7
.Q
to 0.5 / / /
W0=65.0 MeV . 
W0=50.0 MeV 
W0=40.0 MeV 1 
W0=30.0 MeV - 
Wft=20.0 MeV
0.3
0.1
- 0.1
0 1 2 3 4 5 6 7 8 9 10
b (fm)
Figure 5.17: Moduli of the elastic S-matrices for the core interaction 10B e+12C 
as a function of the imaginary potential strength parameter Wo. The solid curve 
represents the normal value used and the others indicate increased transparency.
Figure 5.17 shows the S-matrices for the core interaction 10B e+12C for changing 
imaginary potential strengths. The imaginary potential strength used thus far has 
been Wo=65.Q MeV, which, from inspection of the graph, means that the core is 
almost totally absorptive in the interior. This imaginary potential strength was 
then reduced to make the core more transparent. The divergence of the EC model 
to the exact calculation was assessed to determine the magnitude of the effect.
In the example presented, the imaginary potential strength W0, is reduced in 
size to only approximately one third of the magnitude of the more usual value de­
termined through the comparison with experimental data [89] used in this work. 
This clearly lessens absorption. Inspection of figure 5.18 indicates that this process 
has made some difference at centre of mass scattering angles beyond approximately
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Figure 5.18: Calculated n Be+12C elastic differential cross section angular distribu­
tions at 49.3 MeV/A using a Woods-Saxon potential. The curves show the adiabatic 
exact (solid) and the EC (long-dashed) calculations at two different values for the 
imaginary strength parameter W q .
17°. Figure 5.19 shows the absolute percentage differences of the EC differential 
cross sections at the extreme values, of those shown in figure 5.17, for the imaginary 
strength parameter Wo compared with the adiabatic exact (solid) calculation. In­
spection reveals a factor of almost two increase in the divergence from the adiabatic 
exact result at an angle of approximately 30°. This has implications for the additiv­
ity of phases assumption made throughout this work, when less absorptive systems 
are studied and evaluated.
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Figure 5.19: Calculated 11Be+12C elastic differential cross section angular distribu­
tions at 49.3 MeV/A using a Woods-Saxon potential. The curves show the per­
centage differences of the EC differential cross sections compared with the adiabatic 
exact calculations at two different values for the imaginary strength parameter Wo-
5.7 Extension to four-body scattering
Having established that the Feshbach overlapping potential contributions for halo 
nuclei are not significant, application of the use of EC phases in the impact parameter 
representation of many-body systems is considered. The generalisation to many- 
body systems is of appreciable interest at present and is relatively straightforward. 
A four-body adiabatic quantum mechanical scattering model has been developed 
at Surrey University by Christley etal. [52], which includes the effects of projectile 
break-up without making the semi-classical approximation or independent scattering 
assumption. This code is used to assess the nature of the corrections and validity of 
the results presented.
96
valence 1
valence 2
core
projectile
target
Figure 5.20: Illustration of the relative coordinates of the target-projectile system 
for the four-body model.
The exact wave function p, r) for scattering of a three-body projectile,
with total energy E , from a spherical target satisfies the four-body Schrodinger 
equation [46],
{ Tk +  H cv(p, r) + V(R,p, r)} ^ ( R ,  p, r) =  £<4+)(R, p, r ) . (5.11)
The adiabatic models for two- and three-cluster projectiles have the same theoretical 
basis. Making the adiabatic approximation in this case, it is necessary to freeze the 
two projectile internal coordinates p and r as shown in figure 5.20. Following the 
arguments of chapter 4, an adiabatic approximation to the wave function can be 
derived which has only parametric dependence on these two internal coordinates. 
Thererfore, for fixed p and r the adiabatic Schrodinger equation can be solved as 
a two-body dynamical problem. Quantum mechanically this is achieved through a 
partial wave expansion as detailed in reference [52], where full particulars of similar 
elastic scattering calculations for n L i+12C are presented.
For semi-classical calculations it is a simple m atter to extend the formalism 
outlined in chapter 4, from equations 4.42 and 4.43, the eikonal four-body elastic
(o\
scattering amplitude for a three-body projectile with internal wave function (f)Q (p, r)
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is given by
/# ( 0 )  =  - i k j ' b d b  J0(gb) { 5 ® (6) -  l}  , (5.12)
where SQ3\b )  is the eikonal three cluster projectile-target scattering S-matrix. All 
the information on the projectile structure and its interaction appear within this 
and it is defined,
Si3)(b) =  ( 4 3) |5 0c(6c)S'o”1( ^ ) 5 0“2(6to) $
(3) (5.13)
where the definition of position coordinates is taken as those in reference [38].
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Figure 5.21: Calculated 6He+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 41.6 MeV/A using a Woods-Saxon potential. The 
curves show the adiabatic exact (solid), the eikonal (long-dashed) and the EC 
(dashed) calculations.
Using equation 4.62, making the replacement of the two-body eikonal S-matrices
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by two-body EC S-matrices allows comparison of the differential cross section results 
based on the same potential inputs.
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Figure 5.22: Calculated 6He+12C elastic differential cross section angular distribu­
tions (ratio to Rutherford) at 25.0 MeV/A using a Woods-Saxon potential. The 
curves show the adiabatic exact (solid), the eikonal (long-dashed) and the EC 
(dashed) calculations.
Figures 5.21 and 5.22 show elastic differential cross sections (ratio to Rutherford) 
calculations for 6He+12C scattering at 41.6 MeV/A and 25.0 MeV/A respectively. 
The solid line represents the quantum mechanical results, the long-dashed line shows 
the eikonal calculation and the dashed line indicates the solution using the EC pre­
scription. A comparison of these results with experimental data is assessed elsewhere 
[49, 57],
In the four-body case presented here as in the three-body case, it is evident that 
considerable improvement is achieved through the use of EC S-matrices as compared
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with those of eikonal origin. The EC curves are seen to agree with the quantum 
mechanical calculations to high precision even at the lower energy of 25.0 MeV/A.
There are several limitations inherent in the quantum mechanical method. Pri­
marily, in the impact parameter methods, as previously discussed, all break-up rela­
tive angular momenta are implicitly included. In the coupled channels approach the 
required break-up angular momentum must be explicitly specified. The number of 
coupled channels increases rapidly with the number of angular momenta which are 
included adding to the complexity of the calculations. A set of equations must be 
solved for each total angular momentum, and also for each grid point in the wave 
function defined in the four-body case by fixed p and r, see figure 5.20. This method 
involves the use of considerable computing time and memory. To reduce computing 
time, a fairly coarse integration grid for the internal coordinates is chosen and the 
range of this integration is usually restricted, which introduces the possibility of 
missing important features of the wave function. These quantum mechanical calcu­
lations are at the current limit of what is computationally feasible and so extending 
the accuracy of computationally efficient approximation schemes, such as developed 
here, are of considerable importance.
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Chapter 6 
Summary and Conclusions
Originally introduced in quantum scattering theory by Moliere [8], and considerably 
developed by Glauber [10], the eikonal model has been used extensively for a num­
ber of years in nuclear physics. It has been applied very successfully in describing 
scattering where certain conditions exist, namely when the wavelength is small com­
pared to the characteristic length scales of the system (ka 1) and the projectile 
energy is much larger than the potential strength (\V0\/E  <Cl), the effects of which 
are to concentrate scattering to forward angles. However it can be shown that the 
latter of these conditions can be relaxed as long as the first condition still holds and 
the interaction contains a sufficiently absorptive part. The formalism is outlined in 
chapter 2 .
In the eikonal approximation, the phase shifts are calculated assuming straight 
line trajectories. The scattering wave function is factorised into parts representing 
a plane wave and a slowly varying function which modulates it. The modulating 
function is then approximated through the application of the conditions above, and 
used to generate an expression for the eikonal approximation to the scattering ampli­
tude. Calculation of the Coulomb phase shift function presents some difficulty due 
to the long range nature of the interaction. This, however, is overcome by including 
a screening radius as particularised in chapter 2. A general perception is that all 
models based on the eikonal approximation cease to be valid at low energies and for 
large scattering angles because the straight line trajectory assumption breaks down.
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There have been many attempts to improve upon the eikonal approximation in 
order to extend its range of validity to lower energies and larger scattering angles. 
However, most of these approaches (e.g. [74, 75, 76]) were complicated and failed to 
provide a simple prescription to achieve this. These efforts culminated in the work 
of Wallace in which the resulting corrections were expressed as a series, with the 
eikonal phase as the leading term in a complete high energy expansion of a Fourier- 
Bessel representation of the scattering amplitude. In principle, if sufficient terms 
in the Wallace expansion are used, and provided the expansion converges, then the 
expression for the scattering amplitude will be exact for any given angle.
Wallace replaces the eikonal phase by the WKB phase. This includes the eikonal 
phase, plus higher order terms when expanded in powers of the interaction. If higher 
order corrections to the WKB approximation, such as those of Rosen and Yennie, are 
included then this results in significant improvement over pure eikonal calculations of 
the differential cross sections. These results, up to third order in e, for the two-body 
systems n +  12 C and 10Be +  12 C were presented in chapter 3.
The introduction of full Wallace corrections to the same order are achieved by 
including terms from the expansion of the Wallace factor W[5\. For the examples pre­
sented this results in only a slight improvement at the higher energy of 49.3 MeV/A. 
At lower energies the inclusion of the Wallace factor fails to improve convergence 
toward the exact partial wave solution. We have found that, when truncated at 
third order and the Wallace corrections converge, then at the higher energies their 
contribution is so small that they are not really needed. Conversely when they are 
required, at lower energies, they do not converge. Chapter 3 concludes by establish­
ing that the Wallace corrections are not to be employed in the prescription presented 
here for the few-body model. However, rather than sum the WKB and Rosen and 
Yennie corrections, a simplification to the approach is presented in which the radial 
Schrodinger equation is solved for non-integer angular momenta A to obtain exact 
continued phase shifts that are used in an impact parameter calculation which then 
includes these non-eikonal corrections to all orders.
Overall, in the case of realistic two-body problems, good agreement with ex­
act partial wave calculations can be achieved over a wide domain of energies for a 
significant range of centre of mass scattering angles.
The generalisation of the eikonal approximation to many-body systems was de­
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veloped by Glauber. The few-body eikonal model, with particular emphasis on a 
two-body projectile, and hence three-body projectile and target scattering system 
is detailed in chapter 4. In this model, the composite projectile can be considered 
as consisting of two or more bound clusters moving in a correlated manner about 
their centre of mass. For the scattering of such a composite projectile the few-body 
Glauber model makes the additional assumption that the internal degrees of free­
dom of the projectile can be treated adiabatically. In chapter 4, a simple physical 
prescription to extend the range of applicability of Glauber model calculations for 
few-body systems was presented. This involves including the WKB and Rosen and 
Yennie corrections to the two-body eikonal phase, in each projectile constituent- 
target two-body channel, prior to the projectile ground state average being carried 
out. A further refinement is then introduced in which each cluster S-matrix is re­
placed by the exact continued one, as discussed above for the two-body case.
In chapter 5 the application of the prescription to few-body systems is presented 
and assessed. The accuracy of results using these phase shift continuations was first 
assessed in the cases of neutral and charged point projectile-target scattering. All 
projectile constituent-target subsystems can be compared with exact calculations 
and can therefore verify that all binary inputs to the model are consistent. As the 
energy is reduced the Rosen and Yennie corrected S-matrices, especially those of the 
valence-target system, are seen to diverge from the corresponding partial wave exact 
S-matrix for small values of impact parameter b.
Replacement of the Rosen and Yennie corrected S-matrices by the EC S-matrices 
leads to improvements in the 49.3 MeV/A and 25.0 MeV/A cases. But it is at 
lower energies where there is a real improvement. It also effectively circumvents any 
problem due to non-convergence of the corrections as detailed in chapter 5. No con­
sideration of convergence is required because use is being made of the full S-matrix 
rather than summing a series expansion. In the two-body projectile cases presented, 
this is shown to result in excellent agreement with full quantum mechanical adi­
abatic calculations for an expanded and useful range of centre of mass scattering 
angles and for all energies where the adiabatic treatment is applicable. The calcu­
lated cross sections in the two cases are found to be in good agreement, even at 
projectile energies as low as 10.0 MeV/A, where the adiabatic approximation itself 
may be inappropriate. We have shown also that breakup and non-eikonal effects are
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significant even at very forward scattering angles in d+  12C and n Be+ 12C elastic 
scattering.
The scheme presented here is readily generalised to three or more cluster pro­
jectiles. An application to scattering of the two-neutron halo nucleus 6He is briefly 
presented. Comparisons, in that case with four-body adiabatic model calculations 
[52], showed a very similar quality of agreement to that achieved in the three-body 
cases. Whereas in this case the adiabatic calculations are at the limit of com­
putational feasibility, the four-body calculations with EC phase shifts are rather 
straightforward, and are performed in a small fraction of the time taken to evaluate 
the coupled channels adiabatic solutions.
In Glauber theory the phase shift of the composite is found by simply adding the 
core-target and valence-target phase shifts. This does not fully include the effects 
of the core-target and valence-target interactions. The presence of the respective 
potentials should include terms in the phase shift of a non-additive type [100 , 111]. If 
the additive nature of the phase shifts is not assumed then these effects of overlapping 
potentials must be considered (see chapter 4). For the weakly bound systems dealt 
with in this work it was established that these effects were of little or no significance, 
as shown in chapter 5.
Use of the EC phase shifts for projectiles such as 8He, modelled as a five-body 
(a+4n) structure, and where S ^ (b )  can be calculated using random sampling tech­
niques, e.g. [118], would also be straightforward. In that case the larger number of 
clusters occupy a relatively smaller volume of space. The probability that pairs of 
cluster-target interactions will overlap will therefore be greater and the additivity of 
phases approximation which underpins the current discussion may need to be further 
re-examined. This possibility remains to be fully investigated.
A good deal of theoretical effort has been invested in assessing the importance 
of the halo effects on the scattering differential cross section. The most reliable in­
formation on properties of halo nuclei is experimentally obtainable by intermediate 
energy elastic and inelastic scattering [48]. Elastic scattering data are now reaching 
a quality where it can test the importance of the corrections still further. Accu­
rate elastic scattering data extending to larger angles may provide an independent 
measure of the extent of the neutron halo distribution in 11 Be and related systems 
[55, 118].
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The EC framework provides an effective procedure to study such calculations for 
one and two neutron halo nuclei. The two-body S-matrices are highly constrained 
since they must reproduce the independent differential cross section data for each 
sub-system.
The results achieved so far in describing experimental data for the three-body 
system, n Be +  12C (see [27] and [57]), are encouraging. In the two-body projectile 
case presented comparison can be made with exact adiabatic calculations. Calcula­
tions show excellent agreement over an expanded and useful range of centre of mass 
scattering angles, where the inclusion of non-eikonal corrections leads to a significant 
improvement in the description of available experimental data.
To conclude we have assessed calculations of the scattering of loosely bound n- 
cluster composite projectiles within the framework of a few-body Glauber model. 
Each cluster-target eikonal phase shift is replaced by the continuation of the exact 
partial wave phase shift for non-integer orbital angular momenta A. The latter are 
computed, for each cluster(j)-target pair with wavenumber kj, by numerical solution 
of the radial Schrodinger equation for the required impact parameters bj, or angular 
momenta Aj = bjkj — 1/2. The calculations retain the simplicity which arises from 
the additivity of phases in Glauber’s diffraction theory, without the hard work and 
uncertainty of making an expansion in terms of the WKB approximation. Therefore 
in the context of the calculations presented here the summing of WKB and Rosen 
and Yennie corrections must now be considered redundant.
We have assumed an adiabatic treatment of the projectile’s cluster coordinates. 
At the lowest incident energy considered, 10.0 MeV/A, there will almost certainly 
be corrections needed to the adiabatic approximation. This work does not address 
these effects. We have shown however that the use of the continued exact phases 
may provide an alternative approximate starting point from which to consider such 
effects, as it provides an efficient means for performing such calculations. Impact 
parameter representations of the scattering amplitude have considerable intuitive 
appeal as well as computational advantages. The procedure used is readily applied 
to three or more cluster projectiles for which full adiabatic model calculations are 
either extremely difficult or, in the latter case, not yet practical.
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6.1 Further work
Presently the use of the EC S-matrices is a prescription. Establishing this on a firm 
theoretical basis is of considerable interest and work to achieve this is currently in 
progress. This, in turn, may also lead to a method for incorporating an equivalent 
factor for the few-body case, of the Wallace factor in two-body point scattering.
The eikonal theory has been applied to scattering, with the object of developing 
a quantitative tool for interpreting reaction cross sections e.g. [119]. The use of 
our prescription in that context has been investigated and will be the subject of a 
separate report.
Efforts could now be channelled into the detailed application of the method dis­
cussed with respect to many-body systems. Although essentially exact calculational 
schemes have been developed for treating effective three-body systems, and recently 
four-body systems [52], coupled channels calculations are very computer-intensive, 
particularly at high energies where high angular momentum couplings may be impor­
tant. At these higher energies differences between eikonal and adiabatic calculations 
have been reported [52], and this almost certainly reflects the non-convergence of 
the adiabatic calculations. The impact parameter based models presented here im­
plicitly include all constituent relative angular momenta and currently provide the 
only practical method for quantitative investigations of effective four or more body 
systems; such as are required to model n Li, 8He, 6He or 14Be induced reactions.
With the introduction and use of radioactive nuclear beams it has become com­
monplace to study light neutron rich nuclei. The fragmentation reactions used to 
produce these nuclei result in high energy beams for which the eikonal approximation 
is well suited. The single neutron halo nucleus of 19C is currently attracting a great 
deal of attention both experimentally and theoretically (e.g. [12 0 , 1 2 1 , 122]), as are 
the ‘Borromean’ nuclei whose binary sub-systems are unbound. The halo structure 
of these and other similar nuclei is of great interest in the physics community (e.g. 
[49, 104, 123]) and hence the theoretical modelling of many-body systems is likely to 
come under increasing pressure to produce accurate results over an increased range 
of energy and centre of mass scattering angles. The prescription discussed here 
promises to go some way towards achieving these requirements.
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A ppendix A
Expansion of the differential phase 
function <h(R, r)
Starting from the equation for the differential phase function [100], for the case 
of scattering from a set of fixed scattering centres
1/2
(A.l)
the potential can be replaced by t/j(i“i), which is the reduced potential of one cluster 
in the presence of the other. For each cluster let
1/2
$ * (r 0  =  (k2 — Ui(vi) ) -  k ,
and hence rearranging this equation gives
U fa )  =  -$ i( r i)  [$<(ri) +  2k] . 
Substituting equation A.3 in equation A .l gives
r) = jfc2 + S + 2/cl| ~ k ’
which can be rearranged into the following form
1
$ ( R ,r  ) = k { l  + k 2 -
1/2
- k  .
(A.2)
(A.3)
(A.4)
(A.5)
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Let the term [ p  ^z(ri) [$*(ri) +  2A;]] equal some variable x  and then the Binomial 
expansion can be applied such that
4>(R, r) =  k ( l  +  \ x  — — k — j-kx — \ k x 2 . (A.6 )
\  2 8 /  2 8
Consider the first term on the RHS of equation A .6
5 f a  =  ^ E $ *'(r i)[$ i(r i ) + 2fe] • (A-7)
thus
l- k x  = E * i (r 0  +  ^ E $ ?(r 0 - (A-8)
Consider the second term on the RHS of equation A .6
_Iykr2 =  ~ - k  / y^ ^ ( ri) [ ^ ( ri) ^ j ( rj)[^ j(rj) 2^11 (A 9)
8 8 |  ■ k2 . k2 J
Now expanding this
"^7 2 3 \  ' f ^ 2 /  \ PfJl \  i n? \ j; /  \- - kx = -■*X- 2_, -t- z /cw ^rijy^rj/
i j
+ 2*$j(ri) ^ ( r j ) +  4Ar23>i(r1)* J (rj)} , (A.10)
and separating out the individual terms gives
- \ k x 2 =  - h Z E  * ? ( r i ) ^ 2(rj)  -  1 -  E  $ i ( r i ) $ 3(rj)
i j  i j
1 E ^ M * i f a ) - ; A E * * ( r i ) ® i f a ) -  (A - H )4ft2 ^  JK J/ 4ft2 77u u
If the expansion in 4>(R, r) is only required to second order then
- L z 2 SS “  E * i ( r 0 ®j(rj) > (A-12)
i j
and then from equations A .8 and A.12 4>(R, r) is given by
# (R , r) =  E  * i(r.) +  L  E  *< M  -  A  E  • (AA3)
i i i j
We can now separate the sum over ij  such that
m ,  r) =  E  $ i(r 0 +  i  E  $.?(r 0 -  A  E  ®<(rO*i(rj)
i i i = j
- ^ E  *<('«)** to ) -  (A-14)
i ^ j
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Hence $(R, r) can be expressed as
(rA -
2k
which is equivalent to
$(R ,r) =  5 > ( r . )  -
i i > j
(A.15)
(A.16)
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A ppendix B
D eterm ination of the Feshbach 
overlapping potential term s to  
third order
The differential phase function 'I>(R, r) for a two-body projectile [100] is given
by
<h(R,r) =  [k2 -  (Uc + Uv) f /2 -  k , (B.l)
here Uc is the core-target reduced potential and Uv is the valence-target reduced 
potential. These are related to the actual potentials by
U i  =  2 £ v ( ,
wtw —  /~* / ) i  " D o o v T ’ Q ' n m n r r  o m i o t i o r t  K  I 0 0  t a i  i  a t t t p  C 3 U .  r L 6 d I I d I l g l I i g  “ C [iIc ih lw xA  A -/.J . CIO 1U11UVVOn o t i n  "D 1 on ff'!1ATirC
3>(R,r) =  Jfc 1
(Uc + Uv)
k2
1/2
- k ,
(B.2)
(B.3)
and setting as the subject of the Binomial expansion allows the application
of the Binomial approximation such that
* (R , r) =  k 1 -  ± ( U e +  Ut ) -  ± ( U e +  Uvf
1 {Vc + Uvf - - ^ Tr{Uc + Uv)i
16 h6 128A;8
-  k . (B.4)
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Expanding this expression and collecting terms in powers of 1 / k  leads to
m , r) =  - ± ( U C + Uv) -  ^  {U2 + U2) -
1 {Ul + U») -  ^ { U j U v + UCU2)16k5
^  + ~  m
Using equation B.2 and using the parameter e first introduced in chapter 2 equa­
tion 2.71 implies that
$ (R ,r )  =  -ke (V c + Vv) -  -k e 2(V2 + V 2) -  ke2(VcVv)'
~ k e \ V ?  + V 3) -  h e 3(V2Vv + UCV 2)
15_ ^ e4(K4 +  ^  _  ^ 64(K3K  +  yeV*) _  ±Lke*{V*V?) . (B.6) 
The phase shift function is related to the differential phase shift function by [100,
1111
Hence
/ oo tte $ (R ,r)  .
-O O
roo
X (b, s) =  - k  dz 2e(Vc + V„) 
Jo I
(B.7)
'0
.2 / i ,-2+e2(V2 +  U2) +  e \V ?  +  V 3) +  ^ke*(V* + F„4) 
+2e2{VcVv) + 3e3(V2Vv + VCV 2) 
+564(K3K  +  VCV 3) + - e \ V l V 2) (B.8 )
flrof form  o \  n nnnofiAn R Q rnrvmootrf n f*Ar*rv» 4-Ua WTZT3
UVj l l i o t  iU U i U^ JLXXi.0 111 V/V^UOiUlUll U lU  GL 1U1 111 Ui U11C VV 1XJJ O A £ j C U . 1 0 1 U l J .  u p
to and including third order in powers of 1/k  as detailed in reference [11]. The 
remaining terms are the Feshbach overlapping potential terms XF i.e.
roo r
XF(bc, b v) =  - k  dz 2e2(VcVv) + 3e3(V2Vv +  VCV 2)
JO L
1 ^
+5e4(V3Vv + VCV 3) + f e \ V 2V,f) (B.9)
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A ppendix C
A simple Gaussian form for the  
Feshbach overlap term  Xp to  first 
order
The notation developed in chapter 4 is used in this appendix together with the 
figures 4.1 and 4.2 for the relative coordinates of the target-projectile system. The
vectors r c and r v, where c and v represent the core and valence respectively can be
written
r c =  R  — ar
r v =  R  — /?r, (C.l)
where a  and ft are parameters related to the relative masses of the core and valence 
clusters, and are defined in equation 4.8. Writing down the Feshbach phase shift 
function for the overlapping potential terms as developed in Appendix B  to first 
order gives
1 r°°A>(bc, b v) =  - ^ 3  J _ ^  dRs Vc(rc)K (rv) . (C.2)
Using Gaussian potentials of the form
Vc(rc) =  (Vo +  iWb)c exp(—7 rjf)
K (rv) =  (Vo +  iW 0)v exp{ - e r 2v) , (C.3)
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where
7 = 4 ,  £ =  4  (°-4)
and az- is the diffuseness parameter for i = c, v, core and valence potentials. The 
expression for r c in equation C.l is used such that
v 2 =  (R  — cur) • (R  — a r) , (C.5)
which expanded yields
r c2 = R 2 — 2 aR  • r  +  a 2r2 . (C.6)
From inspection of the figures 4.1 and 4.2 the following terms in equation C .6 can be
rewritten in terms of impact parameter b and components R 3 and r3 of the vectors
R  and r  respectively,
R 2 = b2 + R 2 
R  • r  =  b • s +  R 3r3 . (C.7)
Hence
r c2 =  b2 +  R% — 2ab  • s — 2ar3R 3 +  a 2r2 , (C-8 )
and similarly for r v
r v 2 = b2 + R 2 - 2 / 3 b - s -  2/3r3R 3 +  p 2r2 . (C.9)
Substituting equations C .8 and C.9 in equation C .2
X f =  ~ I F (V° +  iW° ^ V° +  iW '
x J  dR3 exp —7  (b2 +  i ?2 — 2ab  • s — 2ar3R 3 +  a 2r 2)]
exp |— e (b2 +  R l — 2/3b • s — 2(3r3R 3 +  /?2r 2)j , (C.10)
all terms that do not depend on R 3 can be pulled outside the integral to give
=  ~ { V 0 +  iWoMVo +  iWo)v
x exp [—(7  +  s)b2j exp [2(701 -f- s/3)b • s] exp [—(7 Q;2 +  e(32)r2] 
x [  dR3 exp [—(7  +  e)Rl \ exp [2 (7 0 ; +  e(3)r3R 3\ . (C .ll)
j —00 L J
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Let
a =  (7  +  e)
b -  (7 a  -f- e(3) , (C.12)
and
C =
4/c3 (Vo + iWo)c(V0 + iW 0)v
x exp [—(7  +  s)b2 exp [2(7 a  — s/3)b • s] exp [—(7 a 2 +  s/32)r2] , (C.13) 
hence equation C .ll can now be written
Xp =  C j  dRs expj^ir^] exp[26r3^ 3] .
Consider these exponentials, they can be rewritten such that
b/OO I f  f jdRz exp a I R 2 +  2- r 3R 3
-00 [ \  CL
completing the square in the exponent gives
(d^3 +  ~ r^ \  =  f-^3 +  ~ rz)  f-^3 +  —rs
(=)=  ^  + 2 l - ) r 3R 3 + ( l ) r ! - ( l ) r l
Substituting the result in equation C.14
1 / n \ 2
XF =  C exp
- a  ©  r |  /- dRs exp a f Rs +  — 73
and let
-^3 — -R3 +  ( “ r3 j 5
then
d/X/3  — dR% .
Rewriting equation C.17 gives 
Xp = C exp a 7-3 J  dX3 exp [aXf]
(C.14)
(C.15)
(C.16)
(C.17)
(C.18)
(C.19)
(C.2 0 )
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Evaluating the definite integral leads to
Xp = C  exp
7r \  V2 
a )
(C.21)
and using this result together with equations C .12 and C.13, equation C .21 becomes
1/2
Xp —
1
4 k3
7r
.(7 +  <0.
x exp [—(7  +  s)b21 exp [2 (7 a  +  e/?)b • s] exp [—(7 a 2 +  e/32)s2J
x exp .(7a2  +  £/32) + ( 7 a  +  £/3)2 3 f  > (C.22)
(7  +  e)
where Xp has units of (Me V ) 2( f m )A. This expression was verified against a limiting 
case where the potentials are selected to be equivalent [111].
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A physical prescription to improve the accuracy of few-body Glauber model calculations of reactions 
involving loosely bound projectiles is presented in which the eikonal phase shift function of each projectile 
constituent is modified to account for curvature of its trajectory. Noneikonal effects due to both nuclear and 
Coulomb interactions are treated on an equal footing. The proposed method is assessed quantitatively by 
comparison with full quantum mechanical calculations in the case of n Be+ 12C elastic scattering, treated as a 
three-body 10Be+n+target problem, at energies of 25 and 49.3 MeV/nucleon. Calculated cross-section angular 
distributions which include the noneikonal modifications are shown to be accurate to larger scattering angles, 
and for lower incident projectile energies. [S0556-2813(97)50603-0]
PACS number(s): 21.45.-t-v, 24.50.+g, 25.60.-t, 25.70.Bc
The semiclassical eikonal approximation to high-energy 
projectile scattering has been applied extensively in nuclear 
physics. Most recently, methods based on the eikonal ap­
proximation have formed the basis of few-body calculations 
of reactions involving the elastic scattering [1,2] and breakup
[3] of loosely bound exotic nuclei. While essentially exact 
calculational schemes have been developed for treating ef­
fective three-body systems, e.g. [4], the eikonal models cur­
rently provide the only practical methods for quantitative 
investigations of effective four or more body systems, such 
as are required to model n Li or 8He induced reactions.
The resulting simplifications to the quantum few-body 
problem stem from two sources. The first is the eikonal ap­
proximation, in which the incident particles are assumed to 
follow straight line paths through the interaction field of the 
target. The second is an adiabatic treatment of the internal 
degrees of freedom of the composite. We discuss, and make 
use of, the adiabatic treatment in the following. The present 
work, however, deals only with corrections to the former, 
eikonal, approximation. Eikonal models have many variants, 
the most successful having been formulated by Glauber [5].
Given the economy of the eikonal calculational schemes, 
many attempts have been made to extend their range of va­
lidity by including correction terms. These account for the 
bending of the path of the particle during the interaction. 
Saxon and Schiff [6] replaced the eikonal phase by the 
Wentzel-Kramers-Brillouin (WKB) phase, on the grounds 
that the latter included the eikonal phase, plus higher-order 
terms, when expanded in powers of the interaction [7]. Other 
approaches were reported [8,9] culminating in the work of 
Wallace [10]. The resulting corrections were expressed as an 
expansion with the eikonal phase as the leading term.
A quite different prescription, applicable in heavy-ion 
scattering, where the Coulomb interaction plays a very sig­
nificant role, as would be indicated by a Sommerfeld param­
eter r j > \ ,  was proposed by Vitturi and Zardi [11].
All previous noneikonal discussions have been confined 
to a consideration of structureless point particle scattering 
from a target potential. In this Rapid Communication our 
aim is to present and assess a prescription to include the most 
important noneikonal corrections for a composite few-body 
projectile, and so to improve the accuracy of reaction observ­
ables calculated using few-body Glauber (FBG) models.
Specifically, we are interested in applications to reactions of 
light composite projectiles such as 6He, 8B, n Be, nLi, etc., 
comprising a core nucleus and one or more loosely bound 
valence nucleons, at incident energies of a few 10’s of MeV 
per nucleon. Data for such systems are now being accumu­
lated with ever increasing accuracy at several facilities 
worldwide. Such projectiles, some with neutron-target sub­
systems, and all with core-target Sommerfeld parameters 
rjc<  1, are not amenable to the simple Vitturi-Zardi prescrip­
tion and require a ccnsiudauuu ui uunccuuud tu uic ciNuuiii 
phase for each projectile constituent-target two-body sub­
system which enters the few-body reaction amplitude.
For composite n-body nuclei (where the n bodies are core 
clusters or individual nucleons) the FBG model makes the 
adiabatic approximation [12], freezing the internal coordi­
nates of the projectile constituents during their passage by 
the target. Thus each constituent is assumed to interact inde­
pendently with the target via a two-body interaction or opti­
cal potential, and to follow its own straight line path through 
the interaction region; the eikonal aspect. We consider non­
eikonal corrections, the bending of these individual trajecto­
ries, due to both the nuclear and Coulomb interactions. We 
will present calculated cross-section angular distributions for 
n Be+ 12C elastic scattering at 25 and 49.3 MeV/nucleon, an 
effective three-body 10Be+n + 12C system. In such three- 
body cases full quantum mechanical calculations, which 
make the adiabatic approximation but not the additional ei­
konal assumption, can be performed and so can be used to 
assess the importance and validity of the noneikonal modifi­
cations made to the FBG model.
The adiabatic approximation to the Schrodinger equation 
for the scattering from a structureless target of a n-body 
projectile, with internal Hamiltonian H 0 , ground state wave 
function d>0(r i * • • • »r„) and energy e0, is
[ T R+ e Q+ U ( R , r l , . . .  ,rn) ] ^ ( R , r ! , . . .  , r n)
- E ^ K ( R t r l t  . . .  ,r„). (1)
Here U  is the sum of the projectile constituent-target optical 
potentials, assumed central for simplicity. Coordinate R  is 
the position of the projectile center-of-mass (c.m.) relative to 
the target, T R is the corresponding kinetic energy operator
0556-2813/97/55(3)/1018(5)/$10.00 55 R1018 © 1997 The American Physical Society
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and K  is the projectile incident wave number in the c.m. 
frame, i.e., E — e 0 = h 2K 2l2yu. In writing Eq. (1) H 0 has been 
replaced by e0, it being assumed that the projectile internal 
energies excited in the reaction are small compared to the 
total energy E ,  or, that the velocities of the projectile con­
stituents are slow compared to the c.m. translational motion.
The result is a two-body dynamical Schrodinger equation 
for the (n  +  l)-body problem with only parametric depen­
dence on the projectile internal coordinates. The validity of 
the adiabatic approximation has been studied extensively in 
deuteron, 6Li, and 7Li induced reactions [4]. Broadly speak­
ing, good agreement is found with more exact three-body 
methods for projectile energies of order 30 MeV/nucleon. In 
the following, calculations are presented for nBe+ 12C scat­
tering which solve the three-body adiabatic equation [13] by 
partial wave expansion and without further approximation, 
using the method of [14].
In addition to the adiabatic approximation, the few-body 
Glauber (FBG) models make the semiclassical straight line 
path assumption. The FBG elastic scattering amplitude for a 
two-body projectile, with internal wave function OqC/*), is, 
e.g. [2],
f ( 6 )  =  - i K  \ b d b J 0( q b )
Jo
X{<$0|exp[/^(^c) + ^ S(^,)]l^o>-l}. (2)
with q  =  2 K s i n ( 8 / 2 )  the momentum transfer. Here X CQ and 
X q are the eikonal phase shift functions for the core- and 
valence particle-target systems,
=  a>d z V i ( ' l b 2 + z 2 ) ’ ( i  =  c , v ) ,  (3)
where v  =  h K ! fx is the projectile c.m. velocity. The factors 
G x p ( iX l0) are related, in the eikonal approximation, to the 
core- and valence particle-target elastic S  matrices £/(&/), 
functions of their individual impact parameters. The 
noneikonal corrections in this two-body projectile case will 
require modifications to be made to the X ‘0 , or equivalently 
to the description of the S ^ b f ) .
Following Wallace [10], and references therein, we make 
use of the correspondence between the eikonal phase and the 
expansion of the WKB phase shift. The WKB phase, ex­
pressible as an expansion in powers of the parameter 
£= 1 f i i K v  [15], reads
^wkb^)-  2 )n = 0 ( «  +  ! ) ! (4)
4 v f f [r2"y ‘ +1(r)]' (5)
for i = c , v .  We note that the WKB expansion has the eikonal 
phase shift as its « = 0 term. The are not themselves 
exact. The required correction terms were first studied by 
Rosen and Yennie [16] and subsequently by Wallace [10].
Our prescription for improving the phases to be used in the 
FBG models is, therefore, to replace the eikonal phase func­
tions X ‘0 of Eq. (3) in Eq. (2)
y i  y i   y i  i y i
^  *'*■ WKB ' R Y » (6)
where the second term constitutes the Rosen-Yennie (RY) 
correction terms [16], also expressible as an expansion in 
powers of e  [10].
As written above, the X 1 include fully both Coulomb and 
nuclear interaction effects since V ( r )  =  V N( r )  +  V c ( r )  is the 
sum of the nuclear and Coulomb interactions. Specifically, 
the eikonal phase function for a charged core comprises 
nuclear and Coulomb terms, X CQ(bc) =  X cQN( b c) +  X CQC( b c) .  
It is well known that these Coulomb phase terms diverge 
logarithmically at the limits of the integral over z  and we 
need formally to introduce a screening radius a s which 
shields the charges at large distances. In the presence of 
screening [2], we must replace
* o  C( b c) - * X c0p( b c) +  X ca , (7)
where X%p is the screened Coulomb phase of the core and 
X ca , proportional to t) c , is a constant. This Coulomb screen­
ing need only be applied in the lowest-order term. Else­
where, V c  appears in quadratic or higher powers of 
( V N+  V c ) .  These terms make only finite range modifications 
to the integrals over z  in higher-order terms. With these clari­
fications the scattering amplitude reads
m =  - i K  [  Jo
b d b J 0( q b ) { ( ® 0\ e x p [ i X c( b c)
+  i X ' > { b v ) +  i X a\\<*> o>—1}, (8)
where X a =  X ca + X va and the X 1 differ from X 1 in that X lQC 
has been replaced by X l0p in the lowest-order ( n  = 0) term.
To evaluate the integral over b  in Eq. (8), it is advanta­
geous, technically, to add and subtract the screened ampli­
tude due to the point Coulomb interaction acting on the pro­
jectile c.m. [2], so that
/(  0) = ei* .L  ( 0) _  i K ^ b d b M q b ^ ^ l S W  - 1]
(9)
The introduction of the screening radius results only in a 
constant phase factor and the limit a s—>°° has no conse­
quences when calculating angular distributions fro m /(0).
All information on the projectile structure and its interac­
tions with the target now appear within the term
S ( b ) = (<I>o|exp[iVFc(£c) +  i X v( b v ) - 2  i r j  \ n K b ]\<*>0>,
(10)
the approximate Coulomb modified projectile-target elastic 
scattering S  matrix, which now includes noneikonal modifi­
cations within the core-target and valence particle-target 
two-body systems.
Here we apply the formalism detailed above to the three- 
body u Be+ 12C system. n Be is a good example of a binary, 
10Be+n, single neutron halo nucleus. Our choice of a three-
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body system is to allow comparison of our noneikonal cal­
culations with exact solutions of the three-body adiabatic 
Schrodinger equation obtained using precisely the same 
physical inputs. The generalization of the method to four- 
body systems is obvious and this application will be pre­
sented elsewhere. Fortunately, for n Be+ 12C, there are also 
preliminary elastic scattering data [17] for both the 10Be core 
and the uBe composite at 59.4 MeV/nucleon and 49.3 MeV/ 
nucleon, respectively. While presently these data only extend 
to c.m. scattering angles of order 10°, they nevertheless pro­
vide a valuable constraint on the 10Be+ 12C optical potential 
used and an indication of the importance of noneikonal cor­
rections in relation to expected experimental error bars. Data 
for a more extended range of scattering angles will be avail­
able shortly from GANIL.
Unless otherwise stated, the calculations presented use the 
following inputs. The core-target, 10Be+ 12C, optical poten­
tial VC= V \ Q was taken as
V= 123.0 MeV, r v =  0.750 fm, a v =  0.80 fm,
W =  65.0 MeV, r w=0.780fm, ^ = 0 .8 0  fm,
with real and imaginary volume Woods-Saxon terms. This 
potential, consistent with the available data at 59.4 MeV/ 
nucleon, was used at 49.3 MeV/nucleon, the possible weak 
energy dependence being neglected. The interaction is simi­
lar to that used in recent analyses of 9Li and nLi scattering
[18]. The Coulomb interaction was that due to a uniformly 
charged sphere of radius parameter rc=1.20 fm. The 10Be 
radius parameters are multiplied by 101/3+121/3. The 
valence-target, neutron+I2C, optical potential V ^V ,, is 
given by the global Becchetti-Greenlees parametrization
[19]. The parameters used are tabulated in [2]. The n Be 
ground state wave function was taken to be a pure 2 s m  
neutron single particle state, with separation energy 0.504 
MeV, calculated in a central Woods-Saxon potential of ge­
ometry r0=1.00 fm and a 0= 0-53 fm. Assuming a 1(^ Be 
core root mean squared (rms) matter radius of 2.28 fm, this 
generates a nBe composite with rms matter radius of 2.90 
fm, in agreement with the most careful recent analysis [20] 
of halo nucleus sizes. We study the sensitivity of results to 
this choice of matter radius briefly in the following.
Figure 1 shows the calculated elastic differential cross- 
section angular distributions (ratio to Rutherford) for 
nBe+ 12C scattering at 49.3 MeV/nucleon together with the 
preliminary GANIL data. To assess the importance of 
breakup and projectile excitation contributions, the dashed 
curve shows the calculated cross section in the absence of 
uBe breakup contributions; that is, the scattering solution of 
the Schrodinger equation for the single folding model inter­
action
Voo(fi) = (4>oklO+'/n|1,0>- (11)
The dot-dashed curve shows the results of the conventional 
lowest-order eikonal model calculation, which includes the 
effects of intermediate uBe excitation and breakup channels. 
The result obtained when using the prescription discussed 
above, to include the noneikonal corrections to the 10Be and 
neutron phases, is shown by the long-dashed curve. These, 
and all calculations shown, include WKB and RY correction
Be+12C E„=542.3 MeV
10°
— No breakup
—  Adiabatic exact 
Eikonal
—  Eikonal+corrections
■i10'
20150 5 10
e c.m. (degrees)
FIG. 1. Calculated nBe+ 12C elastic cross-section angular dis­
tributions (ratio to Rutherford) at 49.3 MeV/nucleon together with 
the available experimental data. The curves show the no breakup 
(dashed), eikonal (dot-dashed) improved eikonal (long-dashed), and 
exact adiabatic (solid) calculations.
terms up to and including order n  =  3 in Eqs. (6) and (4). The 
modified calculations are seen to agree to high precision, out 
to at least 20°, with the exact adiabatic model calculations, 
presented by the solid curve. The no breakup, eikonal, 
noneikonal, and exact calculations are also shown to larger 
scattering angles in Fig. 2. In-addition the lower dot-dashed
Be+ C E11=542.3 MeV
■110'
•210'
5 10 15 20 25 30 350
e cm (degrees)
FIG. 2. Calculated nBe+ 12C elastic cross-section angular dis­
tributions (ratio to Rutherford) at 49.3 MeV/nucleon. The upper 
curves are as for Fig. 1. The lower curves show the deviations of 
the eikonal (dot-dashed) and improved eikonal (long-dashed) calcu­
lations from the exact adiabatic calculations.
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Be+ C E„=275 MeV.010
•1   No breakup
  Adiabatic exact
 Eikonal
 Eikonal+corrections
10'
5 10 15 200
e c.m. (degrees)
FIG. 3. Calculated n Be+ 12C elastic cross-section angular dis­
tributions (ratio to Rutherford) at 25.0 MeV/nucleon. The curves 
are as for Fig. 1.
and long-dashed curves in Fig. 2 show the computed moduli 
of the deviations of the lowest-order and improved eikonal 
model calculations from the full quantum mechanical calcu­
lation.
Several points are evident from Figs. 1 and 2. Firstly, 
projectile excitation and breakup effects are significant and 
will need to be included in future analyses of experimental 
data. This observation reinforces the need for accurate and 
practical methods for the treatment of such processes using 
few-body models. Secondly, at energies of order 50 MeV/ 
nucleon, there are equally significant discrepancies between 
the exact and the lowest-order eikonal model calculations, 
even at the small scattering angles displayed in Fig. 1. More­
over, these deviations are typically greater than the error bars 
already achieved on available experimental data. Thirdly, the 
simple prescription proposed here for the inclusion of 
noneikonal corrections within the few-body Glauber model 
amplitude, considerably improves the accuracy of the calcu­
lated observables. Small departures from the exact calcula­
tions are now seen only at c.m. scattering angles beyond 
20°. It should be pointed out that these corrections are in­
cluded at a tiny fraction of the computational expense of 
carrying out the full partial wave, coupled channels, solution 
required in the case of the adiabatic Schrodinger equation. 
Finally, we note that the agreement between the full calcu­
lations and the data are very encouraging given the param­
eter free nature of the three-body calculations.
In Figs. 3 and 4 we present similar calculations, but where 
we have halved the incident n Be energy to 25 MeV/nucleon. 
In lowering the energy, our aim is to enhance the noneikonal 
contributions. The curves shown have the same meanings as 
in Figs. 1 and 2; however, there are no experimental data 
available at this energy. As was expected, the differences 
between the lowest order eikonal (dot-dashed curve in Fig. 
3) and the exact adiabatic calculations (solid curves) are sig­
nificantly larger at this lower energy. However, we note the
Be+ C E..=275 MeV.010
■110'
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FIG. 4. Calculated n Be+ 12C elastic cross-section angular dis­
tributions (ratio to Rutherford) at 25.0 MeV/nucleon. The curves 
are as for Fig. 2.
continued success of the noneikonal modifications to the 
few-body amplitude to correct the eikonal calculation very 
accurately over a significant range of scattering angles. At 
energies below that presented, the additional adiabatic as­
sumption would itself be suspect and we do not consider 
applications to lower energies meaningful within the present 
framework.
It was noted earlier that the structure and interactions of 
the composite projectile enters the FBG calculation, with or 
without noneikonal corrections, through the approximation 
to the composite-target elastic S  matrix defined by Eq. (10). 
This S  matrix, apart from simple Coulomb modifications, is 
generated by taking the average, with respect to the projec­
tile ground state wave function, of the product of all the 
projectile component-target two-body S  matrices. The physi­
cal basis of the prescription presented here is, therefore, to 
use the established WKB and RY corrections to the two- 
body eikonal phase to systematically improve the description 
of the two-body S  matrices for each constituent channel be­
fore the projectile ground state average is carried out. The 
resulting agreement with the exact adiabatic calculations 
suggests this simple modification accounts for a large com­
ponent of the physics included via the exact calculation and 
provides an economical procedure to extend the range of 
applicability of the few-body Glauber approach. The non­
eikonal modifications identified here clearly also have impli­
cations for calculated reaction cross sections and calculated 
breakup momentum distributions at these energies.
A natural expectation, given the explicit spatial averaging 
in Eq. (10), is that the projectile-target elastic S  matrix, and 
hence the calculated cross section angular distributions, 
might reflect the spatial extent of the core-valence particle 
relative motion wave function in a simple way. In Fig. 5 we 
assess this sensitivity by showing the calculated elastic dif­
ferential cross-section angular distributions at 49.3 MeV; 
nucleon for projectile wave functions with rms matter radii
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FIG. 5. Calculated n B e + 12C elastic cross-section angular dis­
tributions (ratio to Rutherford) at 49.3 MeV/nucleon for projectile 
wave functions with rms matter radii of 2.70 fm (long-dashed 
curve), 2.90 fm (solid curve), and 3.10 fin (dot-dashed curve).
of 2.70 fm (long-dashed curve), 2.90 fm (solid curve), and 
3.10 fm (dot-dashed curve). The analysis of reaction cross- 
section measurements at 800 MeV/nucleon is consistent with 
the value 2.90 fm [20]. All calculations use the corrected 
eikonal procedure and also assume the same 10Be core rms 
matter radius of 2.28 fm, so the ground states differ only 
through the range of the valence neutron-core relative mo­
tion wave function. We observe quite strong sensitivity in 
the angular distribution to the size of the halo particle wave
function. Indeed the results shown in Fig. 5 would suggest 
that elastic scattering data, of comparable quality to those 
presented, but which extend to larger angles, could provide a 
very valuable and independent measure of the spatial extent 
of the halo wave function; that of the single neutron in this 
case.
To conclude, we have presented a simple physical pre­
scription to extend the range of applicability of Glauber 
model calculations for few-body systems. This involves in­
cluding the WKB and RY corrections to the two-body eiko­
nal phase, in each projectile constituent-target two-body 
channel, prior to the projectile ground state average being 
carried out. In the two-body projectile case presented, this is 
shown to result in excellent agreement with exact adiabatic 
calculations for an expanded and useful range of c.m. scat­
tering angles and for all energies where the adiabatic treat­
ment is applicable. We have shown also that breakup and 
noneikonal effects are significant even at very forward scat­
tering angles in u Be+ 12C elastic scattering at 49.3 MeV/ 
nucleon. The inclusion of noneikonal corrections leads to a 
significantly improved description of the available experi­
mental data. We show also that accurate elastic scattering 
data extending to larger angles may provide an independent 
measure of the extent of the neutron halo distribution in 
nBe and related systems. Full details of the noneikonal cor­
rections, their convergence, the implications of the non- 
eikonai modifications for calculated reaction cross sections at 
these lower energies, and the application of the method to 
three-body projectile systems will be presented shortly.
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A bstract Theories o f reactions o f composite nuclei simplify considerably at energies o f  
several 100 MeV/nucleon. Here Glauber methods provide a quantitative microscopic framework 
with a clear delineation o f nucleon-nucleon scattering and nuclear structure inputs. However, 
further approximations, tested for stable nuclei, are inappropriate for few-body halo nuclei with 
implications for analyses o f  both total reaction and elastic scattering cross sections. At lower 
projectile energies, o f order tens o f MeV/nucleon, reactions are more usefully formulated in terms 
o f the optical interactions o f the projectile constituents and the target, however, corrections to 
Glauber theory are now large. A framework for improving such calculations at lower energies 
is also presented.
1. Few-body calculations at high energy
Neutron drip-line nuclei have very weak binding of the last neutron(s). There is therefore a 
very large amplitude for finding these valence nucleons in the classically forbidden region 
beyond a tightly bound core—producing well developed few-body structures. The root 
mean squared (rms) matter radii of such nuclei are therefore large, manifest empirically as 
large interaction/reaction cross sections with a target probe. Such data remain the clearest 
experimental signature of these novel structures [1], however, new data on elastic scattering 
of neutron-rich light nuclei from both proton and more massive targets also demonstrate 
significant sensitivity to the halo size, e.g. [2, 3].
Good examples are the experimental data of the IKAR collaboration [4] on p +  6He and 
8He scattering near 700 MeV, shown in figure 1 as a function of the momentum transfer 
squared, q 2 =  —t.  The data have been scaled, as indicated, to coincide at small q 2 and 
with the available p +  a  data. The lines are to guide the eye. Qualitatively, the increasing 
size of the He isotopes with A  is clear, but data for a stable nucleus of known size, such 
as 6Li, would help provide a scale for comparison with the neutron-rich systems. The rms 
size of 6He deduced from these data in [4] (2.30 =L 0.07 fm) is less than one would expect. 
It suggests 6He is actually smaller than 6Li (with deduced matter radius of 2.44 fm from 
electron scattering [5]), whereas interaction cross section measurements at 800 MeV/nucleon 
yield a cross section for 6He +  12C [6] (722 ± 5  mb) significantly greater than for 6L i+ 12C 
[7] (688 ±  10 mb).
It was already shown, in total reaction cross section calculations [8-10], that an explicit 
treatment of the few-body degrees of freedom of such light nuclei is of considerable 
quantitative importance. These few-body effects were shown to increase the transparency 
of the elastic 5-matrix S ^ i b )  at large impact parameters b  [9] leading to smaller calculated 
reaction cross sections, and hence to larger deduced nuclear sizes from comparisons with
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Figure 1. p +  4He, 6He, and 8He data at 699, 717, and 674 MeV, respectively.
data. Whereas a matter radius for 6He consistent with a simplified (one-body density based) 
analysis was 2.33 fm [1], the value 2.54 fm is consistent with a more careful few-body 
analysis [10] of the same experimental datum.
Since, in a projectile-target (of mass A )  collision, the reaction cross section
are both integrals involving <SA(b)  and different weight functions, analogous few-body 
corrections are anticipated in elastic scattering. Here k  is the projectile’s incident 
wavenumber in the centre-of-mass (c.m.) frame. We discuss briefly a first treatment
near 700 MeV, and their implications for the sizes of the He isotopes deduced from the 
experimental data [4].
1.1. F e w - b o d y  m e t h o d o l o g y
According to Glauber’s multiple scattering theory [11], the elastic amplitude for p +  A  
scattering is given by equation (2) where the elastic 5-matrix at c.m. impact parameter b ,  is
A
Here j  labels the target nucleons with ground state many-body wavefunction but, as 
the proton scattering experiments of [4] were performed in inverse kinematics, |<I>a) is 
the projectile ground state. The S j i b j )  =  1 — T Pj ( b j )  are the pairwise nucleon-nucleon 
scattering operators, bj  is the impact parameter of the incident proton relative to target
o R ( A )  =  2 n  I  "  d b b [ l - \ S A(,b)\2] 
Jo
(1)
and the elastic scattering amplitude, at momentum transfer q ,
poo
f A( q)  =  ik  db  b J 0( q b ) [ l  -  S A(b)]
Jo
(2)
of these few-body degrees of freedom in calculations of p +  AHe scattering at energies
(3)
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nucleon j. Index j  also identifies the use of the pn or pp profile function, T pj .  These are 
parametrized, as is usual, directly from the free pp and pn scattering data. For details see 
[12, 3].
It must be realized that S A(b)  is a many-body matrix element of the projectile’s many- 
body density |4>a|2. It has been common practice, however, e.g. [4], based on successful 
analyses for stable (tightly bound) nuclei [13, 14], to replace these many-body densities by 
products of one-body densities—sometimes putting back c.m. correlations by hand in an 
approximate way [14]. While for the compact 4He system this is not unreasonable, and is 
used here, the particular spatial correlations of the nucleons in 6He and 8He, into a T  =  0 
a  core and a neutron halo/skin component, makes such an (uncorrelated) factorization an 
uncertain and unquantified procedure.
For halo nuclei, with their well developed few-body structures, an alternative n-cluster 
description is appropriate. Owing to the weak valence nucleon binding, the expectation 
is also that core polarization effects are small, particularly for the He isotopes [15]. The 
many-body wavefunction is then a product of an intrinsic wavefunction for the mass 
A c core and an n-body wavefunction yjr^  describing the relative motion of all clusters. The 
n-cluster variant of the A-body 5-matrix element is thus
/l—l
=  ( * $ \S A'(bc) n  M b jM n i) (4)
;=i
where S Ac is the free p +  core elastic 5-matrix at the same incident energy per nucleon, 
given by equation (3) with A  =  A c.
1.2.  Resu l t s  f o r  p  +  AH e  sca t t er ing
Within this few-body model the scattering of the n-cluster nucleus is seen to be p r e d i c t e d , 
without free parameters, given (/) the scattering of the constituents, and ( i i )  their relative 
motion wavefunction Critically, however, remains a many-body matrix element, 
now of the projectile’s few-body density W ^ \ 2 and, in general, has no simple relationship 
to the projectile’s one-body density.
The calculated p +  a  5-matrix, S 4, using a simple (c.m. correlated) (Os)4 oscillator 
four-body ct density
4
|4>4.(r*i, 7*2, 7*3, r 4)|2 a  J~[ \<f>(rj)\2S ( r i  +  r 2 +  r 3 -}- r 4) (5)
y=l
reproduces the 699 MeV p +  a  data of figure 1 [3] for an a  rms matter radius of 1.49 fm, 
consistent with electron scattering [5], and is not shown. To calculate 64 the Sj used is 
the (T  =  0) average of the pn and pp amplitudes. Given S 4 and rpn all inputs to the 6He 
and 8He calculations, other than the relative motion wavefimctions are completely 
determined.
Figure 2 shows the p r e d i c t e d  p +  6He elastic cross sections at 717 MeV using three 
(PI, FC and GB3) Faddeev waveftmction models tabulated in [9]. These yield 6He 
radii of 2.33, 2.50, and 2.77 fm, respectively, assuming an a  rms radius of 1.49 fm. The 
figure shows that the elastic scattering data are consistent with the FC-model wavefunction 
with rms radius 2.50 fm. The data are subject to a normalization uncertainty of order ±3% 
[4]. The inset shows the calculated total reaction cross sections as a function of the 6He 
rms matter radius for several wavefunction models. These show significant sensitivity and,
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Figure 2. p +  6He elastic differential cross sections at 717 MeV.
if accessible experimentally, could provide a powerful constraint in combination with the 
data.
The approximate (one-body density) analysis of [4] and the few-body analysis above 
lead to quite different outcomes. While the density-based calculations suggest a radius of 
2.30 fm is appropriate [4], the more careful few-body treatment of the reaction suggests 
a radius of order 2.50 fm. We comment that the FC wavefunction also reproduces the 
experimental 6He -f 12C interaction cross section datum at 800 MeV/nucleon in the careful 
finite range study of that process [10]. The FC model also reproduces most closely the 
empirical 6He three-body binding energy of 0.97 MeV.
Five-body (a 4- 4n) descriptions of 8He are less readily available. Here we assume 
for COSMA wavefunction of [16], however, the original (Op)4 oscillator valence
neutron wavefunctions are now matched smoothly to a p-wave Hankel function tail. As 
the two-neutron separation energy from 8He is 2.137 MeV and the four-neutron separation 
energy is 3.1 MeV, we assume an average separation energy of 1 MeV for this purpose. 
The wavefunction is then renormalized to unity and the 8He matter radius is computed.
Our first calculations for this system are collected in figure 3 which shows the p r e d i c t e d  
p + 8He elastic cross section at 674 MeV. The calculations correspond to the 8He rms matter 
radii indicated. Calculations for radii in the range 2.4-2.5 fm, suggested by the analysis of
[4], do not reproduce the experimental data. A radius of 2.6 fm is consistent with the data 
within the COSMA model used. Again the inset shows the calculated total reaction cross 
sections as a function of the 8He rms matter radius. As for 6He these reveal a significant 
sensitivity to the projectile size.
We observe significant sensitivity in the calculated cross section to the wavefunction 
asymptotics and conclude, quite generally, that a careful and realistic treatment of these 
few-body systems will be essential to making quantitative deductions from comparisons 
with such data.
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Figure 3. p +  8He elastic differential cross sections at 674 MeV.
2. Few-body calculations at low energy
We now consider calculations for few-body projectiles at energies of a few tens of 
MeV/nucleon. At these lower energies the reaciion mechanisms are more complex and 
the interactions in the two-body subsystems are best deduced, as far as possible, from 
empirical data and established theoretical models for stable nuclei. Recent calculations 
for 8He +  12C scattering [17], as well as those above for p +  8He scattering—treated 
as six-body problems—show that the Glauber models provide an effective basis for the 
calculation of reactions of few- and many-body projectiles. This efficiency arises from 
the very simple (independent scattering) nature of each two-body input. This efficiency 
warrants an investigation of corrections to the model in an attempt to extend its accuracy.
11 Be and 6He are good examples of single-neutron and two-neutron halo nuclei. Some 
elastic scattering data are also available for both systems in the energy region of interest. 
For two-body projectiles [18], and very recently for three-body projectiles [19], full quantum 
mechanical calculations, which use the adiabatic approximation but not the Glauber/eikonal 
and independent scattering assumptions, are possible. These will be used to assess the 
nature of corrections to the lowest order theory.
For an n-body projectile scattering from a target nucleus, rather than a proton, the elastic 
amplitude is given, as previously, by equations (2) and (3) but where now the Sj are the 
Glauber 5-matrices for each constituent y-target subsystem, interacting via a potential Vj.  
Explicitly [11]
S j i b )  =  exp[i*?(/>)] X j @ )  =  j  V j ( y / b 2 +  z2)dz (6)
where v  is the asymptotic relative velocity and the z-axis is in the incident beam direction. 
Xj is referred to as the eikonal phase.
674 MeV/nucleon
2.3 2.4 2.5 2.6 2.7 2.8 
^  rms radius (fm)
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2.1.  B e y o n d  the  e ikonal  m o d e l
Following Wallace [20] and others, we have recently made use of the correspondence 
between the eikonal phase and the WKB phase shift x j * . The latter can be expanded, in 
powers of 6 =  l / h k v , about the eikonal phase [21]
which is the n =  0 term. The x j *  require correction terms as clarified by Rosen and 
Yennie [22].
We have shown [23] that improving the phase in each Sj of the few-body model, by 
replacing the eikonal phase x j  by x]*+ x f Y■> leads to significant changes and improvements 
in calculations, when compared with exact adiabatic results. Doing this retains the 
in d ep e nd e n t  s ca t t e r i ng  nature of the lowest order theory and so neglects ‘overlapping 
potential’ terms [24]. The indications from our calculations [23] are that such terms, from 
configurations in which both core and valence particles overlap the target, are very small 
for extended halo nuclei with a strongly absorbed core particle.
Having established that the non-eikonal corrections are large, one finds that the 
expansions involved in calculating the constituent x j 1 +  x f Y converge only very slowly 
to the exact (partial wave) phases as the projectile energy is reduced. Figure 4 shows 
I £„(&)!, for n + 12C at 25 MeV, calculated in the eikonal model (chain curve), the WKB and 
RY corrected model (broken curve), up to n =  3 terms, and the exact partial wave values 
(points and full curve) where k b  =  I  +  \ .  Rather than sum this expansion we therefore 
propose to solve the radial Schrodinger equation, for each constituent j ,  at the required 
impact parameters b,  and hence non-integer angular momenta X =  bkj  — j .  The S j ( b )  are 
then obtained by matching, in the normal manner, to the asymptotic solutions, analytically 
continued for real non-integer X, i.e.
(7)
(8)
•  •  Exact
 3rd order
 Eikonal
1.0
n+12C, 25 MeV
0.2
0 1 2 3 4 5 6 7
b (fm)
Figure 4. Modulus o f  the n +  12C S -matrix at 25 MeV.
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Figure 5. Elastic cross sections for n B e +  12C.
40
We refer to this procedure as an impact parameter multiple scattering (IPMS) approximation. 
The differences between few-body calculations using these independent Sj and exact (non­
eikonal) adiabatic calculations provide a measure of the importance of the neglected terms 
owing to overlapping potentials, or correlated scattering.
2.2. Co m p a r i s o n s  o f  e ikonal  a n d  non-eikon al  calcu lat ions
Figure 5 shows calculated elastic differential cross sections (ratio to Rutherford) for 
n Be +  12C scattering at 50, 25 and 10 MeV/nucleon for selected two-body interactions 
Vj [23]. The chain curves show the results of the lowest order eikonal model calculation. 
The IPMS results are shown by the long-broken curves which are seen to agree to high 
precision, at even the lowest energy, with the exact three-body adiabatic model calculations 
[18], shown by the full curves. Figure 6 shows analogous elastic differential cross section 
(ratio to Rutherford) calculations for 6He +  12C scattering at 41.6 and 25 MeV/nucleon. 
Again the chain curves are the results of the lowest order eikonal model calculations. The 
IPMS results are shown by the long-broken curves and the exact four-body adiabatic model 
calculations [19] by the full curves. The IPMS calculations are performed in a small fraction 
of the time of the coupled channels adiabatic solutions and are readily generalized to many- 
body systems.
We conclude that the IPMS framework provides an effective procedure to enhance the 
accuracy of few-body Glauber model calculations at low energies for one and two-neutron 
halo nuclei. It remains to be tested, for a neutron skin nucleus such as 8He with several 
valence neutrons in a more confined volume, whether this independent scattering picture 
remains as accurate.
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Figure 6. Elastic cross sections for 6He +  12 C.
3. Summary
We have discussed briefly the need for quantitative calculations of few-body scattering and 
reactions at energies from tens of MeV to 1 GeV/nucleon, to confront experimental data of 
increased novelty and precision. We have shown that, within a few-body model of °He, the 
recent p +  6He elastic scattering data at 700 MeV are consistent with the same three-body 
6He wavefunction that reproduces the interaction cross section measurement for 6He +  12C 
at 800 MeV/nucleon. The deduced 6He and 8He sizes from the few-body calculations are
0.2 fm larger than those reported from the more approximate analysis of [4].
We have also shown that, in the adiabatic approximation, even at very low energies,
to high accuracy halo nuclei behave as if the constituent particles scatter independently, 
suggesting a simple practical framework for increasing their accuracy. This is shown to 
work well for one- and two-neutron halo nuclei.
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Calculations which improve upon the eikonal model description of the scattering of loosely bound n-cluster 
composite nuclei at low and medium energies are studied. Each cluster-target eikonal phase shift is replaced by 
the continuation of the corresponding exact partial wave phase shift to noninteger angular momenta. Compari­
sons with fully quantum mechanical calculations for two-body projectiles show that this yields an accurate 
practical alternative to few-body adiabatic model calculations. Calculations are shown to be accurate for 
projectile energies as low as 10 MeV/nucleon at which the eikonal approximation is no longer reliable. 
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I. INTRODUCTION
Semiclassical approximations have been used extensively 
in nuclear physics for approximate solutions of the small 
wavelength scattering problem. Theoretical formulations in­
volve the phase shifts introduced by the projectile’s interac­
tion with a target, expressed as a function of the projectile’s 
impact parameter b.  Such models were developed exten­
sively by Glauber and co-workers, e.g., Refs. [1,2], for the 
scattering of both elementary and composite systems. In the 
Glauber diffraction theory, the interaction of an incident 
nucleon with a composite nucleus is described by a multiple 
scattering series in which the incident nucleon scatters from 
an ensemble of fixed target nucleons. In the absence of three- 
body forces, the total projectile-target phase shift is also the 
sum of the phase shifts due to each target nucleon. The in­
dividual nucleon-nucleon ( N N )  scatterings are described by 
free- N N  scattering phase shifts. The use of phase shifts is, 
however, usually not discussed since, when applied at sev­
eral hundred MeV, this explicit reference to phase shifts is 
recast in favor of the N N  scattering amplitude. This is then 
parametrized directly from extensive small angle N N  scatter­
ing and, through the optical theorem, total cross section data. 
The nucleon-nucleus scattering amplitude is obtained as the 
average of these elementary, impact parameter-dependent 
amplitudes, over the target ground state many-body density. 
Implicit is that the incident energy is sufficiently high that 
the target nucleons can be considered fixed during the pas­
sage of the projectile, the sudden or adiabatic approximation.
In this paper our interest is the scattering of very loosely 
bound composite projectiles from a stable target nucleus at 
energies of less than 100 MeV/nucleon. The composite pro­
jectile is assumed to be composed of n clusters (where n is 
less than the number of projectile nucleons). For halo nuclei 
these clusters are the core and the valence particles. Here it is 
the study of the cluster relative motion degrees of freedom in 
the projectile, and hence excitation and breakup effects, 
which are of interest. The projectile-target scattering is now 
described as a (n + l)-body problem [3,4], the projectile’s 
n-body ground state density must be averaged over once the 
cluster-target phase shifts have been evaluated, and the adia­
batic approximation is made at the level of the (n + l)-body 
Schrodinger equation [4]. In this lower-energy regime the
scattering is not highly forward angle focused. The natural 
expression for the required scattering amplitudes is therefore 
in terms of the cluster-target (impact parameter dependent) 
phase shifts, and the accuracy with which this representation 
reproduces exact cluster-target scattering amplitudes, and so 
can be directly connected with experimental observables, 
needs to be reexamined. We consider this quantitative ques­
tion in Sec. H. Generally speaking, however, experimental 
data are insufficient to allow an unambiguous determination 
of the cluster-target scattering amplitude or phase shifts.
Most recently, semiclassical few-body calculations of 
scattering and reactions in this lower-energy regime have 
made extensive use of the eikonal approximation, e.g., Refs. 
[3-5]. The assumption is that, for the purpose of calculating 
each cluster-target phase shift, the cluster’s trajectory can be 
approximated by a straight line path through an assumed 
interaction potential with the target. This use of a potential 
description is extremely useful for making theoretical predic­
tions for exotic and halo systems. Then global optical poten­
tial parametrizations, incorporating data systematics, or 
tested theoretical potential models, can be used for individual 
cluster-target systems when data are veiy limited or unavail­
able.
These approximate calculations, including those for 8He 
scattering [6], treated as a six-body problem, show that the 
eikonal model provides an efficient basis for reaction calcu­
lations of few- and many-body projectiles. This efficiency 
arises from the additivity of phases property of the eikonal 
theory and means that attempts to extend its accuracy are of 
interest. In a recent Rapid Communication [7] noneikonal 
modifications to the phase shift of each cluster were intro­
duced, but to third order in e  (°c&-2), where k  is the cluster- 
target center of mass wave number. In applications to nBe 
+ 12C scattering above 25 MeV/nucleon, these changes im­
proved the accuracy of the calculations to lower energies and 
larger scattering angles.
Here we assess a simpler procedure. Rather than develop 
and sum the expansion for the phase shift in powers of e  we 
solve directly the radial Schrodinger equation for each 
cluster-target two-body system at the required impact param­
eters or noninteger orbital angular momenta X. We therefore 
no longer make the eikonal approximation, but retain the 
adiabatic and additivity of phases approximations. Correc-
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tions to the latter, manifest as phase shift contributions due to 
simultaneous cluster-target potential overlaps, have been dis­
cussed by Feshbach [8]. We have studied such overlap terms 
quantitatively for halo nuclei using simple potential param- 
etrizations. The results will be presented elsewhere. These 
estimates of overlap contributions are very small for spatially 
extended systems and the results presented here are consis­
tent with these findings.
This paper deals only with corrections to the eikonal ap­
proximation. The adiabatic approximation is expected to be 
reasonable when the relevant excitation energies of the pro­
jectile are small compared with its incident energy. As in 
Ref. [7] we will use full three-body quantum-mechanical cal­
culations, which make the adiabatic approximation but not 
the eikonal or additivity of phases assumptions, to assess the 
importance and accuracy of the noneikonal modifications. 
We present calculations of applications to two-body projec­
tile scattering, namely, the deuteron and u Be (10Be 
+ neutron).
II. STRUCTURELESS PROJECTILE SCATTERING
A. Neutral point particle scattering
Glauber, Franco, and Wallace [1,2,9] have discussed in 
detail the mathematical and physical relationship of the dis­
crete exact (partial wave sum) representation
I
F (0)= = 7j ; E  (2/ + l)P ,(co sfl)[S ,-l] ,l i k  i = o (1)
and the Fourier-Bessel (impact parameter) integral represen­
tation of the scattering amplitude for a point particle. Here k  
is the projectile incident wave number in the center of mass 
frame. The exact partial wave S  matrix S/=exp(2Z£/) is ob­
tained by solution of the radial Schrodinger equation for a 
given orbital angular momentum Z in the presence of the 
assumed projectile-target interaction V ( r ) .  Upon continuing 
these discrete Z values to continuous angular momenta X, and 
associating the physical angular momenta Z with impact pa­
rameters b  according to b k = l + 1/2, one can write [2,9]
M — — i k  fJo b d b J 0( q b ) [ S ( b ) - 1], (2)
where q  =  2 k  sin(0/2) is the momentum transfer. S ( b )  in Eq. 
(2) is the continuation of S[ for real noninteger angular mo­
menta, and can be obtained by solution of the radial Schro­
dinger equation for angular momentum \  =  b k - 1/2. Explic­
itly, asymptotically in r
M r ) - *  j K - ) ( * r ) - S xfl<+>(*r)], (3)
where the t f (±) are the usual in- and out-going waves radial 
asymptotic solutions, but for noninteger X. Thus S ( b )  =  S \  
=  e x p [ i X ( b ) ]  coincides with the exact S t for all integer X, 
with X ( b )  =  2 S k . We refer to S ( b )  as the exact continued 
(EC) S  matrix. It is important that Eq. (2) has not made the 
eikonal approximation to the scattering phase shift.
The amplitudes/and F  are not formally equal. In writing 
Eq. (2), in addition to the discrete to continuous variable
transformation, only the leading term in the small forward 
angle expansion of the Legendre function P x , has been re­
tained (e.g., Appendix A of Ref. [2] and Ref. [9]). This 
yields the Bessel function J 0( q b ) .  An additional factor 
W[£], which multiplies S ( b )  in a complete formal deriva­
tion [9], is unity in this limit. The approach followed by 
Wallace, with higher energies in mind, is to develop expan­
sions of both the W[<5] term and S ( b )  in inverse powers of 
k 2 and to collect terms of equal order. At the low energies of 
interest here and particularly for light projectiles, i.e., for 
small k, such an expansion scheme is not particularly useful. 
This will be seen below in the context of the phase shift 
expansion [7].
The eikonal approximation f 0 to the scattering amplitude 
/  has the same form [1],
f o ( 0 )  =  ~ i k  r b d b J 0( q b ) [ S 0( b ) - l ] ,  (4) 
Jo
but S 0( b ) is now determined by the eikonal approximation to 
the phase shift X 0( b )  the integral of the assumed interaction 
along a straight line path at impact parameter b
S 0( b ) = exp[iA'0(Z>)] = exp — j — f  V( yJbT+ z I ) d z
f t  V  J  — 00
(5)
Here v  =  hk/ju. is the asymptotic relative velocity and fx is 
the reduced mass of the projectile and target.
In this work we perform calculations based directly on the 
amplitude of Eq. (2), in which we make the small angle 
W[ £] =  1 approximation only. This can also be viewed as 
replacing the eikonal profile function S 0( b ) by an improved 
description, a viewpoint helpful in its generalization to com­
posite projectiles. This scheme was used in Ref. [7] for com­
posite systems. There, however, only an approximate de­
scription of S ( b ) and S ( b )  of the next subsection, was used. 
Specifically, the power series expansion of the phase shift 
X ( b )  to third order in e =  1 I h k v  about the eikonal phase was 
used which included the correction terms detailed by Rosen 
and Yennie [9,10]. The accuracy of the S ( b ) arising from 
this expansion is a related but different issue to the accuracy 
of the approximate amplitude /  of Eq. (2). Below we com­
pare the S ( b ) from this expansion with those of the exact 
continuation (radial equation solution) and from the eikonal 
model. We also require these two-body S  matrices for the 
three-body scattering calculations considered in the next sec­
tion where they appear as inputs.
To assess the accuracy with which the approximate am­
plitudes /  of Eq. (2) reproduce observables calculated using 
the exact partial wave amplitude F,  Eq. (1), and/o, Eq. (4), 
we first perform calculations for neutron and 10Be+ 12C scat­
tering at low and medium energies. For each system we con­
sider energies of 10, 25, and 50 MeV/nucleon assuming, for 
simplicity, the same interaction parameters at each energy.
For n + 12C we assume a complex volume Woods-Saxon 
neutron potential with parameters V=37.4 MeV, r v = l . 2  
fm, a v =  0.75 fm, W =  10.0 MeV, r w =  1.3 fm, a w =  0.6 fm 
[7]. Figure 1 compares the moduli of the n  +  12C S  matrices 
as a function of impact parameter calculated using the eiko­
nal (dashed curves) and EC (solid curves) phase shifts at the
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FIG. 1. Moduli of the elastic S matrices for n +  12C scattering at 
10, 25, and 50 MeV calculated using the eikonal (dashed curves) 
and EC (solid curves) phase shifts. The dot-dashed curves at 25 and 
50 MeV result from the expansion of the phase shift used in Ref. [7] 
(see text).
three energies. Even at the higher energy there are significant 
noneikonal corrections. These make the target appear larger 
and also more transparent to the neutron at small impact 
parameters. The dot-dashed curves at 25 and 50 MeV are the 
results when including terms to third order in the power se­
ries expansion of the phase shift [7]. To the same order this 
expansion is unstable at the lowest energy. The imaginary 
part of the approximate phase shift becomes positive for a 
range of impact parameters and so does not yield useful re­
sults. Direct use of the EC S  matrix avoids such instabilities, 
is much simpler, and also avoids the slow convergence of the 
phase shift expansion, manifest in the 25 MeV calculation in 
Fig. 1.
Figure 2 shows the calculated n + 12C elastic differential 
cross section angular distributions at 10, 25, and 50 MeV. 
The solid curves are the exact partial wave calculations using 
Eq. (1), the dashed curves use the approximate (impact pa­
rameter integral) amplitude of Eq. (2), and the dotted curves 
use the eikonal amplitude of Eq. (4). The improvements re­
sulting from the use of S ( b ) rather than S 0( b )  are clear and 
extend to reasonably large scattering angles. The small de­
viations from the exact calculations suggest that corrections 
to the W [  <5] = 1 approximation are indeed small.
B. Charged point particle scattering
To consider 10Be scattering we need to generalize the 
formalism to include the Coulomb interaction. The exact par­
tial wave amplitude is now
.s10'
x100
10 MeV.410'
x10
25 MeV
,210‘
50 MeV
.1 n+ C10 '
0 10 20 30 40 50 60 70
0 c.m. (degrees)
FIG. 2. Exact (solid curves), approximate impact parameter in­
tegral (dashed curves), and eikonal model (dotted curves) calcula­
tions of the elastic differential cross section angular distributions for
12C scattering at 10, 25, and 50 MeV.
f (9 ) = /„ ( » )  +  4 i ;  (2/ + l)/>,(cosfl)e2i<r'[ S ,- l ] ,
2.1k 1=o
(6)
where f pt ( 6)  is the amplitude for point charge (Rutherford) 
scattering and 07 is the Coulomb phase shift. The here, 
obtained by matching to Coulomb functions the solution of 
the radial Schrodinger equation in the presence of both 
nuclear and Coulomb interactions, characterize only the de­
viations from point Coulomb scattering.
The eikonal approximation to F  is obtained by including 
both Coulomb and nuclear interactions, V ( r )  =  VN( r ) 
+  V c ( r ) ,  in the eikonal phase of Eq. (5), yielding a sum 
%o ( b )  =  X ON( b )  +  X QC( b ) of nuclear and Coulomb terms. 
The Coulomb interaction is taken to be that of a uniformly 
charged sphere. The logarithmic divergence of the Coulomb 
phase requires screening arguments to be used, see, e.g., Ref. 
[11]. The result is that X 0C( b )  =  X 0p( b )  +  X a where the first 
term is the phase due to the assumed Coulomb interaction 
and X a = —2 7 ] \ n ( 2 k a )  is a constant (screening) phase, a  de­
noting the screening radius. The eikonal amplitude analo­
gous to Eq. (6) can be written
7o( ») = V) -  ** j “b db U q b ) e ‘V b\
X[S0W — 1] , (7)
where X pt( b )  =  2 y \ n ( k b )  is a point Coulomb interaction ei­
konal phase. The effect of screening appears only as an over­
all real phase on the elastic amplitude and has no conse­
quences for observables. We will not show it explicitly in 
subsequent expressions. S 0( b ) here characterizes the devia­
tions from point Coulomb scattering and includes the phase
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FIG. 3. Moduli of the elastic S matrices for 10Be+ 12C scatter­
ing at 10, 25, mid 50 MeV/nucleon calculated using the eikonal 
(dashed curves) and EC (solid curves) phase shifts.
shifts due to both the nuclear interaction and the short-range 
(uniform sphere) deviations from a point Coulomb interac­
tion, i.e.,
S 0( b )  =  exp [ i X 0N( b )  +  i X 0p( b )  -  i X pt{ b ) l  (8)
As for uncharged projectiles we replace the eikonal S 0( b ) 
with S ( b )  =  S x z=™ p [ i % ( b ) ] ,  obtained by solution of the ap­
propriate radial Schrodinger equation for noninteger A. This 
yields an approximate (nuclear+ Coulomb) impact parameter 
integral amplitude
/(0 )  = f e,{«) ~ i k j ' b  d b J 0( q b ) e iXp ' ^ [ , S ( b ) - 1  ]. (9)
For the 10Be+ 12C potential we assume Woods-Saxon pa­
rameters V =  123.0 MeV, ry=0.75 fm, fnL W
= 65.0 MeV, r w =  0.78 fm, and a  ^ =0.8 fm. This potential, 
consistent with the available 10Be+ 12C data at 59.4 MeV/ 
nucleon [12], is used for all three energies. The Coulomb 
interaction is taken as due to a uniformly charged sphere of 
radius parameter r c= 1.20 fm. All 10Be radius parameters are 
multiplied by 101/3+121/3. Figure 3 compares the calculated 
moduli of the S  matrices as a function of impact parameter 
using the eikonal (dashed curves) and EC (solid curves) 
phase shifts for the 10Be+ 12C system at 10, 25, and 50 
MeV/nucleon incident energy. Due to the larger k  for this 
heavy fragment the deviations from the eikonal model are 
smaller but nevertheless still significant.
Figure 4 shows the calculated elastic differential cross 
section angular distributions (as a ratio to the Rutherford 
cross section) for 10Be+ 12C scattering at 10, 25, and 50
Be+ C
10 MeV/ 
nucleon
25 MeV/ 
nucleon
50 MeV/ 
nucleon
10'
x10104 10 MeV/nucleon
x10‘ 25 MeV/nucleon
50 MeV/nucleon ,10°
40300 10 20
0e.m. (degrees)
FIG. 4. Exact (solid curves), approximate impact parameter in­
tegral (dashed curves), and eikonal model (dotted curves) calcula­
tions of the elastic differential cross section angular distributions 
(ratio to Rutherford) for 10Be+ 12C scattering at 10, 25, and 50 
MeV/nucleon.
MeV/nucleon. The solid curves are the exact partial wave 
calculations resulting from Eq. (6). The dashed curves result 
from the impact parameter integral amplitude f  while the 
dotted curves are the results of the eikonal amplitude of Eq. 
(7). The improvements in the calculated cross sections which 
result from the use of S ( b ) are significant and the small 
deviations from the exact calculations suggest that errors in­
troduced by the W [  8]  — 1 approximation are also small in 
this heavier charged particle case.
m . COMPOSITE PROJECTILE SCATTERING
We now consider the scattering of a bound w-body system 
from a target. In addition to the considerations already dis­
cussed, for composite projectiles one also makes an adiabatic 
approximation. The positions of the clusters within the pro­
jectile are thus fixed for the calculation of their scattering 
phase shifts with the target. In the eikonal limit each of these 
phase shifts is computed, as in the point projectile case, as­
suming a straight line path through the interaction region.
However, having made o n ly  the adiabatic approximation, 
it is also possible to solve the Schrodinger equation without 
the use of the eikonal or additivity of phases approximations. 
Such scattering calculations can be carried out for both two- 
body [13,14] and three-body [15] projectiles. However, even 
for two-body projectiles, such calculations involve large 
coupled channels sets and are time consuming. For three- 
body projectiles [15] they are at the limit of what is compu­
tationally feasible. In the following the results of calculations 
for deuteron+ 12C and u Be+ 12C scattering, which solve the 
three-body adiabatic equation without further approximation 
[14,7], are compared with those of the approximate proce­
dure discussed here.
Consider first the eikonal model elastic scattering ampli­
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tude for an rc-body projectile, comprising uncharged clusters 
and with a ground state relative motion wave function . 
The amplitude, the n-body equivalent of / 0 of Eq. (4), is
 i* \ b d b J l>( q b ) [ S lg X b ) - \ ] ,  (10)
J o
where S ^ i b )  is now the n-cluster projectile eikonal S  matrix
n
S<")( i )  = (4><")i n  Si(*/)|4>? )>- (11)y=t
In these equations b  and k  are the impact parameter and wave 
number of the projectile center of mass. Each SJ0( b j )  in Eq.
(11) is a point particle eikonal S  matrix for cluster j  evaluated 
at its own impact parameter b j , as defined in Eq. (5).
When one or more of the clusters is charged we must 
follow the Coulomb screening arguments used above. Now, 
for each charged cluster, X J0C( b j )  = X JQp( b j )  +  X ja . Since the 
screening phases X Ja =  — 2 r ] j \ n ( 2 k a )  depend linearly on the 
Sommerfeld parameter of each cluster rjj and ,
these phases add to give the screening phase appropriate to 
the projectile X a . The few-body eikonal amplitude in the 
presence of nuclear and Coulomb forces, analogous to f 0 of 
Eq. (7), is therefore (omitting the overall screening phase)
A “,( d b U q b ) e ‘V b\ S ^ \ b ) - l l  
(12)
where
(13)
In the charged point particle discussion above, the associa­
tion is made between the EC S  matrix S ( b )  and the Coulomb 
modified eikonal S  matrix S 0( b ) given by Eq. (8). In the 
few-body case we replace, for each cluster j,
^ ( ^ ) ^ e x p [ /^ ( ^ )  + / 4 p(^ )-4 ,(^ )] -> ^ '(^ ) ,
(14)
with X jpt( b j )  =  2 r j j In(kbj).  That is we replace each cluster S  
matrix by the exact continued one. With these replacements 
S ^ \ b )  of Eq. (13) is renamed S^n\ b ) ,  consistent with ear­
lier notation, where
Xexp
n  s>(bj)
7-1
2  x ^ (b j ,) - ix p,(b) 
y'-i
K " )>. (15)
Each Sj ( b j )  is obtained by solution of the appropriate two- 
body radial equation for all required b j .
These EC S  matrices include noneikonal corrections to 
each cluster-target phase shift to all orders. The resulting 
calculation retains the efficient computational structure of the 
few-body Glauber model, involving a product of each cluster 
S  matrix. This approximation is expected to be good for 
weakly bound halo systems where the valence nucleon(s) 
spend most of their time far from the core. The full adiabatic 
calculations referred to earlier do not make the additivity of 
phases approximation and so provide an assessment of such 
effects.
A. Application to deuteron+ 12C scattering
For deuteron scattering the inputs required are the deu­
teron wave function and the proton- and neutron-target S  
matrices S p ( b p) and S n( b n) obtained by solution of the free 
p -  and n-target scattering problems at half the incident deu­
teron energy. The three-body elastic amplitude is
0) = /„( 0) ~ i k j ' b d b U ^ e ^ W K b )  - 1  ],
(16)
where b , b p , and b n are the deuteron, proton, and neutron 
impact parameters, and
S(2)(i) = (1>?,|S''(MS''(i„)exp[2i17ln(ip/6 )] |^ 2)>.
(17)
We consider deuteron scattering at the three incident ener­
gies per nucleon of the previous section. The neutron and 
proton optical potential parameters at the three energies were 
calculated from the global parametrization of Ref. [16]. The 
deuteron ground state wave function was assumed to be a 
pure S  wave and was calculated using a central Wood-Saxon 
interaction with depth 83.37 MeV, a radius of 0.95 fm, and a 
diffuseness of 0.65 fm. These parameters gave a deuteron 
binding energy of 2.224 MeV and an rms n p  separation of 4 
fm.
Figure 5 shows the calculated elastic differential cross 
section angular distributions (as a ratio to Rutherford) for d  
+ 12C scattering at 10, 25, and 50 MeV/nucleon. The dotted 
curves are obtained using the eikonal model and the dashed 
curves using the EC phases. The solid curves are obtained 
from a full quantum-mechanical (coupled channels) calcula­
tion which makes only the adiabatic approximation. The lat­
ter .calculation is time consuming and includes s ,  p ,  d ,  and/  
wave n p  breakup states. The eikonal and EC calculations, 
which include all breakup states through closure, are ex­
tremely fast. Even for this very light projectile system, 
tightly bound in comparison with halo nuclei, the agreement 
between the EC phase shifts and exact adiabatic calculations 
is rather good, even down to energies as low as 10 MeV/ 
nucleon. There is no indication that corrections to the addi­
tivity of phases approximation, included in the full adiabatic 
calculation, are significant even for this light-ion and weakly 
absorptive system. Of greater current interest is the applica­
tion of such ideas to halo nuclei with weaker binding, en­
hanced breakup channels, and larger radial extent.
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FIG. 5. Calculated elastic differential cross section angular dis­
tributions (ratio to Rutherford) for d +  12C scattering at 10, 25, and 
50 MeV/nucleon using the eikonal (dotted curves) and EC (dashed 
curves) phase shifts. The solid curves are the results of the exact 
adiabatic model calculations.
B. Application to uBe+ 12C scattering
n Be is a good example of a two-body halo nucleus com­
posed of a ^3e  core c  and a valence neutron. We consider 
uBe+ 12C scattering using the neutron and 10Be+target S  
matrices already computed and shown in Figs. 1 and 3 of 
Sec. II. The scattering amplitude is given by Eq. (16). The 
two-body projectile S  matrix S (2\ b )  appropriate to nBe is
(18)
with b c and b n the core and neutron impact parameters. 
Theu Be ground state wave function Oq2) was taken to be a 
pure 2 s m  neutron single particle state, with separation en­
ergy 0.504 MeV, calculated in a central Wood-Saxon poten­
tial of geometry r0= 1.00 fin and a 0 = 0.53 fm. With a 10Be 
root mean squared (rms) matter radius of 2.28 fm this gen­
erates a nBe composite with rms radius of 2.90 fm, in agree­
ment with recent few-body analyses [17].
Figure 6 shows the calculated elastic differential cross 
section angular distributions (as a ratio to Rutherford) for 
n Be+ 12C scattering at 10, 25, and 50 MeV/nucleon. The 
curves have the same meanings as those in Fig. 5. The agree­
ment with the full adiabatic calculations in this case is excel­
lent. We attribute the improved agreement in this halo 
nucleus case to the weaker binding and the probable further 
reduction in correlated scattering or overlapping potential 
contributions. As the figure shows, for practical purposes 
using the EC phases provides a reliable method for adiabatic 
model calculations of the scattering of one-nucleon halo sys­
tems.
C. Applications to many-body projectiles
The scheme presented here is readily applied to three- or 
more-cluster projectiles. A short report of an application to
10'
Be+ Cx104
10 MeV/nucleon
x10‘
25 MeV/nucleon 1
fi10 50 MeV/nucleon i
 Adiabatic (exact)
  Eikonal phase shifts
 EC phase shifts
30 400 10 20
Gam. (degrees)
FIG. 6. Calculated elastic differential cross section angular dis­
tributions (ratio to Rutherford) for u Be+ 12C scattering at 10, 25, 
and 50 MeV/nucleon. The curves have the same meanings as in Fig. 
5.
scattering of the two-neutron halo nucleus 6He was recently 
presented elsewhere [18]. Comparisons, in the case with 
four-body adiabatic model calculations [15], showed a very 
similar quality of agreement to that reported here. Whereas 
the four-body calculations with EC phase shifts are rather 
straightforward, those adiabatic calculations are at the limit 
of computational feasibility. Use of the EC phase shifts for 
projectiles such as 8He, modeled as a five-body ( a + 4 n )  
structure, and where S(5)(6 ) can be calculated using random 
sampling techniques, e.g., Ref. [6], is also straightforward. In 
that case the larger number of clusters occupy a relatively 
smaller volume of space. The probability that pairs of 
cluster-target interactions will overlap will therefore be 
greater and the additivity of phases approximation which un­
derpins the current discussion may need to be reexamined. 
This possibility remains to be fully investigated.
IV. SUMMARY AND CONCLUSIONS
We have assessed calculations of the scattering of loosely 
bound n-cluster composite projectiles within the framework 
of a few-body Glauber model. Each cluster-target eikonal 
phase shift is replaced by the continuation of the exact partial 
wave phase shift for noninteger orbital angular momenta \ .  
The latter are computed, for each cluster(y)-target pair with 
wave number k j , by numerical solution of the radial Schro- 
dinger equation for the required impact parameters b j , or 
angular momenta \ j = b j k j — 1/2. The calculations retain the 
simplicity which arises from the additivity of phases in 
Glauber’s diffraction theory.
The accuracy of results using these phase shift continua­
tions was first assessed in the cases of neutral and charged 
point projectile-target scattering. Results were then com­
pared with full three-body adiabatic model calculations for 
two-cluster projectiles. The calculated cross sections in the
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two cases are found to be in good agreement, even at pro­
jectile energies as low as 10 MeV/nucleon.
We have assumed an adiabatic treatment of the projec­
tile’s cluster coordinates. At the lowest incident energy con­
sidered, 10 MeV/nucleon, there will almost certainly be cor­
rections needed to the adiabatic approximation. This paper 
does not address these effects. We have shown, however, 
that the use of the continued exact phases may provide an 
alternative approximate starting point from which to consider 
such effects, as it provides an efficient means for performing
such calculations. The procedure used is readily applied to 
three- and more-cluster projectiles for which full adiabatic 
model calculations are either extremely difficult or, in the 
latter case, not yet practical.
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